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Abstract. Given a curve C of genus 2 denned over a field k of characteristic different from 2, 
with Jacobian variety J, we show that the two-coverings corresponding to elements of a large 
, subgroup of H 1 ( Gal(fc s /fc), J[2](fc s )) (containing the Selmer group when k is a global field) can 

be embedded as intersection of 72 quadrics in P^ 5 , just as the Jacobian J itself. Moreover, we 
actually give explicit equations for the models of these twists in the generic case, extending 
' the work of Gordon and Grant which applied only to the case when all Weierstrass points 

are rational. In addition, we describe elegant equations on the Jacobian itself, and answer a 
question of Cassels and the first author concerning a map from the Kummer surface in P 3 to 
the desingularized Kummer surface in P 5 . 
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1. Introduction 
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' The number of rational points on a curve of geometric genus at least two defined over a number 

field is finite by Faltings' Theorem |6J . However, for any fixed number field k, it is not known 
whether there exists an algorithm that takes such a curve C/k as input and computes the set C(k) 
of all its rational points. There are advanced techniques that often work in practice, such as the 
Chabauty-Coleman method [5] and the Mordell-Weil sieve (see [2 EE [20]). Bjorn Poonen [17] has 
shown, subject to two natural heuristic assumptions, that with probability 1 the latter method is 
' indeed capable of determining whether or not a given curve of genus at least 2 over a number field 

, contains a rational point; this assumes the existence of a Galois- invariant divisor of degree 1 on 

CN ■ the curve. 

Both methods assume the knowledge of the finitely generated Mordell-Weil group J(k) of the 
■ Jacobian J of the curve C over the number field k, or at least of a subgroup of finite index; in 

particular it assumes the knowledge of the rank of the group J(k), which in general is hard to 
find, but can be bounded by a so-called two-descent. 

Let k be any field with separable closure k s and let C be a smooth projective curve over k with 
Jacobian J. Taking Galois invariants of the short exact sequence 



J[2]{k s ) J(fc s ) J(k s ) 

associated to multiplication by 2 gives a long exact sequence of which the first connecting map 
induces an injective homomorphism 

i: J(k)/2J(k) -^(GalOP/A), J[2](fc s )). 

If J(k) is finitely generated and its torsion subgroup is known, then the rank of J{k) is easy to 
read off from the size of J(k)/2J(k), and thus from its image under t. A two-descent consists of 
bounding this image. When k is a global field, the image of I is contained in the so-called Selmer 
group, which is finite and computable (see [5] fT8| IT9] ) . 

We restrict our attention to the case that C has genus 2 and the characteristic of k is not 
equal to 2. The elements of H 1 ( Gal(fc s /fc), J[2](k s )) can be represented by two-coverings of J, 
which are twists of the multiplication-by-2 map as defined in the next section. The elements in 
the image of t correspond to those two-coverings that have a fc-rational point. When k is a global 
field, the elements of the Selmer group correspond to those two-coverings that are locally solvable 
everywhere. 
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The main goal of this paper is to show that the two-coverings corresponding to elements of a 
large subgroup of H 1 ( Gal(A: s /fc), J[2](fc s )) (containing the Selmer group when k is a global field) 
can be embedded as intersection of 72 quadrics in P\ 5 , just as the Jacobian itself. Moreover, we 
investigate various representations of J[2](k s ) and certain extensions, in order to actually give 
explicit equations for the models of these twists, cf. Theorem l7.4l A better understanding of these 
representations has allowed us to find simple and symmetric equations also for the Jacobian. We 
work over a generic field fc, where all coefficients in the equation y 2 = f(x) for C are independent 
transcendentals, as well as the coefficients of the element in k[X]/f that determines the twist of 
J. This field is far to big to find the equations of the twist by brute force. 

These models are useful in practice to find rational points on the twists, and thus to decide 
whether a given two-covering corresponds to an element in the image of i. As a further application, 
we expect that our explicit models will prove useful in the study of heights on Jacobians. We also 
answer a question by Cassels and the first author [4] Section 16.6] in Remark [3781 

The explicit equations we shall give for nontrivial two-coverings corresponding to elements of 
the Selmer group generalize to any curve of genus 2 those given by Gordon and Grant in [llj for 
the special case where all Weierstrass points are rational. 

In Section [2] we set up the necessary cohomological sequences, give a description of the large 
subgroup of H 1 ( Gal(k s /k), J[2](k s )) that was mentioned (see Corollary |2.9[) . define two-coverings, 
Selmer groups, and prove some known results about two-coverings for completeness. In Section [3] 
we find models of the Jacobian J in P 15 , its Kummer surface X in P 9 , and the minimal desingu- 
larization y of X in P 5 on which for every P £ J [2], the action of translation by P is just given 
by negating some of the coordinates. Another description of the desingularized Kummer surface 
is given in Section |4j This is used in Section \5\ to understand how the linear action of J[2](fc s ) on 
the model of J in P 15 can be obtained from the action on X C P 3 and ^cP 5 . In Section [6] we 
first show theoretically how the action of J[2](k s ) on J C P 15 can be diagonalized and then also 
do so explicitly. In Section [7| we describe how to use the models and this diagonalized action to 
obtain the desired twists. 

The authors thank Nils Bruin, Alexei Skorobogatov and Michael Stoll for useful discussions and 
remarks. The first two authors thank EPSRC for support through grant number EP/F060661/1. 
The first and third author thank the International Center for Transdisciplinary Studies at Jacobs 
University Bremen for support and hospitality. The second author thanks Jacobs University 
Bremen and was partially funded by DFG grant STO-299/4-1. The third author thanks the 
University of British Columbia, Simon Fraser University, PIMS, and Warwick University. 



2. Set-up 

Let be a field of characteristic not equal to two, fc s a separable closure of k, and / = 
^2, i — fiX i £ k[X] a separable polynomial with /@ ^ 0. Denote by f2 the set of the six roots 
of / in k s , so that fc(fi) is the splitting field of / over k in k s . Let C be the smooth projective 
curve of genus 2 over k associated to the affine curve in given by y 2 = f(x). Let J denote 
the Jacobian of C and J[2] its two-torsion subgroup. We denote the multiplication-by-2 map on 
J by [2]. All two-torsion points are defined over fc(O), i.e., J[2](fc(fi)) = J[2]{k s ). Let W C C be 
the set of Weierstrass points of C, corresponding to the set {(w,0) : u> £ £1} of points on the 
affine curve. Choose a canonical divisor Kc of C. For any w £ W, the divisor 2(w) is linearly 
equivalent to Kc and Ylwew( w ) * s nnear ly equivalent to 3Kc- 

There is a morphism C x C — > J sending (P,Q) to the divisor class (P) + (Q) — Kc, which 
factors through the symmetric square . The induced map — > J is birational and each 
nonzero element of J[2](k s ) is represented by (wi) — (1V2) ~ (u> 2 ) — (wi) ~ (u>i) + (u>2) — Kc for 
a unique unordered pair {u>i,u>2} of distinct Weierstrass points. This yields a Galois equivariant 
bijection between nonzero two-torsion points and unordered pairs of distinct elements in Q. 

Set L = k[X]/f and L s = L<S>kk s . By abuse of notation we denote the image of X in L and L s 
by X as well. For any u> £ fl, let denote the fc s -linear map L s — * k s that sends X to u>. By the 
Chinese Remainder Theorem, the induced map ip = u6! j <p u : L s — > (J) we Q k s is an isomorphism 
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of &; s -algebras that sends X to The induced Galois action on w fc s is given by 



<t((Cu,) u ) = (o-(c ff -l („,))) 



for all (7 £ Gal(fc s /fc). For any commutative ring R we write ^(R) for the kernel of the homo- 
morphism R* — > R* that sends x to x 2 . We sometimes abbreviate ^2(k s ) = ^(k) to /i2- The 
isomorphism ip induces an isomorphism of groups /i2(^ s ) - » © w en / i 2(^ s )- 

The norm map iV^/j. from L to fe, sending a £ L s to JT^ ^(a), induces homomorphisms 
from /J.2(L S ) and fi2(L s ) / fj,2(k s ) to ^2(k s ), both of which we denote by iV and refer to as norms. 
The kernel M of N on /i2(X s ) is generated by elements a^^j defined by ip u [a UJl . W2 ) = -1 if 
and only if lu G {wi,^}. Let /3: M — > J[2](/c s ) be the homomorphism that maps a^ liW2 to the 
difference of Weierstrass points ((wi,0)) — ((w 2 ,0)). Finally, let e: J[2](fc s ) — » ^ 2 (L S ) / ^i 2 (k s ) be 
the homomorphism that sends ((u/i,0)) — ((^2,0)) to the class of a ull _ UJ2 . We get the following 
diagram of short exact sequences. For more details, see [18l Sections 6 and 7]. 



(1) 



M ■ 




J[2 



(k s 



M 2 (fc s )^=/i 2 (fc s ) 



M2 (L S )— ^ M2 (fc s ) »»1 



M2(fc S ) 



There are natural isomorphisms 



Horn (n 2 {L s ), M2) — Horn 



0Hom( A i 2 ,M2) = 0^2 -M2(^ s ), 



so H2{L S ) is self-dual. The corresponding perfect pairing (i2(L s ) x [i2(L s ) — > [12 sends (ai,a 2 ) 
to (— l) r with r = #{w £ : <fui{oti) = ^(0^2) = — 1}- The pairing induces a perfect pairing 
on M x /j,2{L s )//i2 and on J[2](k s ) x J[2](fc s ), where it coincides with the Weil pairing, which we 
denote by ew- We conclude that M and fi2(L s )//j, 2 are each other's duals, that J[2](k s ) is self-dual, 
and that the entire Diagram |T]) is self-dual under reflection in the obvious diagonal. The element 
— 1 6 M corresponds to the character of fi2(L s )/ 'fi 2 that is the norm map N : /i2(L s )//i2 — > /^2- 

We define the Brauer group Br(fc) of k as H 2 (Gal(/c s /fc), (k s )*). We only use its two-torsion 
subgroup Br(fc)[2], which is isomorphic to H 2 (G&\(k s /k), /j,2(k s )). Recall that there are natural 
isomorphisms B 1 (Gal{k s /k), fi 2 (k s )) = k*/(k*) 2 and B 1 (Gel{k s / k) , ^ 2 (L S )) L*/(L*) 2 . Taking 
long exact sequences of Galois cohomology, we find the following commutative diagram (cf. [T51 
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Section 8]). 

(2) k*/{k*) 2 ^^=k*/{k*f 

M2 (L) ^ M2 (fc) H X (M) L*/(L*) 2 — 5U- fc*/(fc*) 2 

H ° (33) — — Hi(J[2](fc-)) Hi JV^ fc V(A; *) 2 

T 

Br(fc)[2] ^=^= Br(fc)[2] 

Here and from now on, H 1 (*) stands for the Galois cohomological group H 1 (Gal(/c s /A;), *). We 
often abbreviate H 1 ( J[2](fc s )) further to H 1 (J[2]). Let T denote the connecting homomorphism 
T: HV[2]) -> Br(fc)[2] (see Diagram ©). 

Definition 2.1. y4 global field is a finite extension of Q or a finite extension of¥ p (t) for some 
prime p. A local field is the completion of a global field at some place. 

Proposition 2.2. Assume that k is a global field or a local field. Then the composition of the 
map t: J{k) /2J(k) — » H 1 (J[2]) with the map T is zero. 

Proof. As in [T5J Section 3] , we let the period of a curve D over a field K be the greatest common 
divisor of the degrees of all irrational divisor classes of D. If k is a local field, then since the genus 
g of C equals 2, by [TSj Proposition 3.4], the period of C divides g — 1 = 1, so it equals 1, and 
by [HI Proposition 3.2], this implies that the natural inclusion Pic C — > H°(Pic° Cfc=) = J(fc) is an 
isomorphism. If k is a global field, then by the local argument, the period of C over any completion 
equals 1, and by p~8J Proposition 3.3], this implies again that the inclusion Pic C — > J{k) is an 
isomorphism (see also last paragraph of [TH Section 4]). We conclude that in either case the 
inclusion p: Pic C — > J(fc) is an isomorphism. Let Pic*- 2 -' C denote the subgroup of divisor classes 
of even degree in PicC. By [TBI Section 9], there is a homomorphism r: Pic^ 2 -* C — ► H X (J[2]) 
whose image is contained in the kernel of T (see [T8j Corollary 9.5]), and such that the restriction 
of r to Pic C factors as the composition of the map p: Pic C — ► J{k)/2J(k) induced by p and 
the map l. Since p is surjective, we conclude that the image of I is indeed contained in the kernel 
ofT. □ 

We denote the kernel of T by P^Jft}). 

Remark 2.3. Suppose k is a global field. For each place v of k we let k v denote the completion 
of k at v and 

l v : J(k v )/2J(k v ) -H^Gal^/fc,,, J[2](A*))) 
the connecting map defined analogously to l: J(k)/2J(k) — > H 1 (J[2]). We get a natural diagram 

J(k)/2J(k) - H 1 ^, J[2}(k s )) H!(fc, J(k s )) 




a, j(k v )/2j(k v ) n„ ^(kv, j[2m)) — - n, h 1 ^, Jim 

and define the Selmer group Sel 2 (J,fc) to be the kerneloftt l (k,J[2]{k s )) -> ]J V H 1 ^, J(k B v )), i.e., 
the inverse image under the middle vertical map of the image of the lower-left horizontal map. 
Then the image of i is contained in Set 2 (J, k). It follows from Provosition \2. l A applied to all k v , 
and the fact that the natural diagonal map Br k — > J\ Br k v is infective, that the Selmer group 
Sel 2 (J, k) is contained in P 1 (J[2]). 
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By Diagram @, the kernel of the homomorphism H 1 ut 2 (£ s )//-«2 (& 8 )) — v Br(fc)[2] is isomorphic 
to the image of L*/L* 2 in H 1 (^ 2 (£ s ) / £i 2 (fc s )) and this image is isomorphic to L*/L* 2 k*. This 
implies that e* induces a homomorphism k: P x (J[2]) — > L*/L* 2 k*. By Proposition 12. 2[ we may 
compose « and t. 

Definition 2.4. TTie composition koc J(fc)/2J(fc) — ► L* / L* 2 k* is called the Cassels map. 

Proposition 2.5. The Cassels map J(k)/2J(k) — > L*/L* 2 k* sends the class of the divisor 
((xi,yi)) + ((12)2/2)) - A'c on C to (X - xi)(Jf - x 2 ). 

Proof. See [El Proposition 2] and [HI Sections 5 and 9]. □ 

The kernel of the homomorphism e* appearing in Diagram {2j equals the image of /x 2 (fc) in 
H 1 (J[2]) and thus has order 1 or 2. As this image of /x 2 (fc) is contained in the image of /3* (see 
Diagram (|2"jl). it is contained in P 1 (J[2]), so we have kere* = kerz-c. The image of —1 G M2(fc) 
in H 1 (J[2]) is represented by any cocycle that sends a to (ct(u> )) — (wq) for some fixed wo G W, 
see [T51 Lemma 9.1]. There is a simple condition based on how the polynomial / factors that 
says whether or not this cocycle represents the trivial class [TH Lemma 11.2] and thus whether 
or not ker n is trivial. More subtle is the Cassels kernel, which is defined as the intersection 
ker k n Sel 2 ( J, k), cf. Remark 12.31 The Cassels kernel measures the difference between the Selmer 
group Sel 2 ( J, k) and its image under k, which is known as the fake Selmer group. Michael Stoll [27\ 
Section 5] gives conditions that tell whether or not the Cassels kernel is trivial. Whether or not the 
kernel of the Cassels map, which injects through i into the Cassels kernel, is trivial is a question 
that is more subtle yet again, cf. [H Lemmas 6.4.1 and 6.5.1]. 

We would like to get a better understanding of the elements of Sel (J, k) and look more generally 
at the elements of P 1 (J[2]). To give a more concrete description of P 1 (J[2]), we first give a 
description of H 1 (M), which maps onto P 1 ( J[2}). Let T denote the subgroup of L* x k* consisting 
of all pairs (S, n) satisfying N L / k (S) — n 2 , and let x : L* — > L be the homomorphism that sends e 
to{e 2 ,N{e)). 

Proposition 2.6. There is a unique isomorphism 7: L/im(x) — * H 1 (M) that sends the class of 
(S,n) to the class of the cocycle a 1— » a(e)/e, where e G L s is any element satisfying e 2 — S and 
N(e) = n. The composition 0/7 with the map H 1 (Af) — > L*/(L*) 2 sends (S,n) to S. The kernel 
kere* = kerK is generated by the image of (1, —1) G L/im(x) under the composition 0/7 with the 
map (3*: H 1 (M) -> R l (J[2]). 

Proof. Let F s denote the subgroup of L s * x fc s * consisting of all pairs (5, n) satisfying N L / k {5) = n 2 
and extend x to a map from L s * to F s by x( £ ) — i e2 i N(s)). Then x is surjective and its kernel is 
M. Let p denote the projection map p: V s — > L s *. Taking Galois invariants in the diagram 

1 m *- l s * — ^ r s >■ 1 

p 

1 V2(L S ) L s * L s * » 1 

we obtain the following diagram. 

L* T H 1 (M) H 1 (L S *) 

p 

L* L* ^ H 1 (/i 2 (L s )) ^ H 1 (L S *) 

Let d: T — > H 1 (M) be the connecting homomorphism in this diagram. It sends (5, n) to the 
class represented by the cocycle a 1— > <j{e)/e for any fixed e G L s * with = (S,n), i.e., with 
e 2 = S and AT(e) = n. By a generalization of Hubert's Theorem 90 we have H 1 (L S *) = 1 
(see [23l Exercise X.1.2]). We conclude that d is surjective and therefore induces an isomorphism 
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7: r/ im x — > H 1 (M). We also recover the isomorphism H 1 (/i 2 (L s )) = L*/(L*) 2 that was used to 
get Diagram From the commutativity of the diagram we conclude that the composition 

r/imx - H X (M) - H 1 ( M2 (L 8 *)) - L*/(L*) 2 

is induced by p, i.e., it is given by sending (<5, n) to 5. Chasing the arrows in the last diagram (all 
that is needed is the surjectivity of d and the left-most vertical map), we find that d maps the 
kernel of p surjectively to the kernel of the map H 1 (M) — > H 1 ^^ 8 *)) — L* /L* 2 , which maps 
surjectively to kere* = ker« by Diagram ([2]). The last statement of the proposition now follows 
from the fact that the kernel of p is generated by (1, —1). □ 

Remark 2.7. Note that for each (6, n) £ T we can find an e £ L s as in Proposition \2. 6\ as follows. 
For each u> £ £1, choose an e u £ fc s with e 2 = ipoj(6). Then the element 

satisfies e 2 = S and N(e) — J} w £^ = i rl - By changing the sign of one of the if necessary, we 
obtain N(e) — n. The cocycle in Provosition \2. 61 can then also be written as 

f^iMlA 6Mc M2(n 

A^oie a/so i/iai &?/ changing the sign of an even number of the e w , we change e by an element of 
M , so we change the cocycle by a coboundary. 

Remark 2.8. By \18\ Section 6], the group M is isomorphic to the two-torsion subgroup J m [2] 
of the so-called generalized Jacobian J m . In the general setting and notation of |18j it is possible 
to prove as in the proof of Proposition I £.61 that H 1 (J m [0]) is isomorphic to T p /x P (L*), where 
T p c L* x k* consists of all pairs (5, n) with N(S) — n p and \p'- L* — ► T p sends e to (e p , N{e)). 

The following corollary provides the description of the group P 1 (J[2]) that we shall use in 
Section gl 

Corollary 2.9. The composition 0/7: r/im(%) — > H (Af) of Proposition \2J^ with the map 
/3* : H (M) — >H 1 (J[2]) of Diagram^ induces an isomorphism V / (k* • im(x)) — >P 1 (J[2]). 

Proof. The kernel P 1 (J[2]) of T is isomorphic to the image of H 1 (M) in H 1 (J[2]), which is iso- 
morphic to H 1 (M)/fc*. The statement now follows immediately from Proposition ^. 61 □ 

We now interpret the elements of H 1 (J[2]) as certain twists of the Jacobian J. The remainder 
of this section is well known. 

Definition 2.10. Let K be any extension of k, and X a variety over k; a K/k-twist of X is a 
variety Y over k such that there exists an isomorphism Yk —> Xk- Two K/k-twists are isomorphic 
if they are isomorphic over k. 

Proposition 2.11. Let K be a Galois extension of k and let X be a quasi-projective variety over 
k. There is a natural bijection between the set of isomorphism classes of K/k-twists of X and 
H (G&l(K/k), Aut(Xx )) that sends a twist A to the class of the cocycle a 1— » ipoa^^ 1 ) for a fixed 
choice of isomorphism ip : A&s — > X^ ■ 

Proof. See [Ml Chapter III, § 1, Proposition 5]. □ 

We can embed J[2)(k s ) into Aut(Jfcs) by sending P £ J[2](k s ) to the automorphism Tp that is 
translation by P. This induces a map H 1 (J[2]) — > H 1 (Aut(Jfc=)), through which every element in 
H 1 (J[2]) is associated to some fc s /fc-twist of J by Proposition ^. Ill These particular twists carry 
the structure of a two-covering, defined below. 
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Definition 2.12. A two-covering of J is a surface A over k together with a morphism n: A — > J 
over k, such that there exists an isomorphism p: Ays — > Jk s with n = [2] o p. In other words, p 
makes the following diagram commutative. 




An isomorphism (Ai,7ri) — > (A 2 ,tt 2 ) between two two-coverings is an isomorphism h: A\ —> A2 
over k with tt\ — n 2 o h. 

Although two 2-coverings (Ai,wi) and (A 2 ,tt 2 ) may be non- isomorphic while Ai and A 2 are 
isomorphic as twists, we often just talk about a two-covering A of J, regarding the covering map 
7r as implicit. For any two-torsion point P € J[2](fc s ), let Tp denote the automorphism of J given 
by translation by P. The following lemma shows that the isomorphism p in Definition 1 2 . 1 21 is well 
defined up to translation by a two-torsion point. 

Lemma 2.13. Let (A, 7r) be a two-covering of J, and let p, p' : A^ — ► Jk s be two isomorphisms 
satisfying [2] o p = ir = [2] o p'. Then there is a unique point P G J[2](k s ) such that p' = Tp o p. 

Proof. Define a map t: Ak' — ■> Jfc= by t(R) = p'(R) — p{R). Then for each R € A(fc s ) we have 
2t{R) = 2p'(P) - 2p(P) = 7r(i?) - tt(R) = 0, so t(P) G J[2](fc s ). Since J[2](/c s ) is discrete, r is 
continuous, and A^ is irreducible, we find that r is constant, say t(R) = P for some fixed P. 
Then p' = Tp o p. The point P is unique, because if p' — T5 o p for some point 5, then S = t(R) 
for all R G v4(fc s ). □ 

Lemma 2.14. Lei A be a two-covering of J and choose an isomorphism p as in Definition \2.12\ 
Then for each Galois automorphism a G Gal(fc s /fc) there is a unique point P G J[2](fc s ) satisfying 
poa(p^ 1 ) = Tp. The map a 1— > P induces a well-defined cocycle class ta in H 1 (J[2]) that does not 
depend on the choice of p. The map that sends a two-covering B to tb yields a bisection between 
the set of isomorphism classes of two- coverings of J and the set H 1 (J[2]). 

Proof. The unique existence of P follows from Lemma 12.131 applied to p 1 = cr{p). It is easily 
checked that for fixed p the map u ^ P is a cocycle. By Lemma 12.131 another choice for p 
differs from p by composition with Tp for some P G J[2](fc s ), so the corresponding cocycle differs 
from the original one by a coboundary, and the cocycle class ta is independent of p. Suppose 
A\ and A2 are two-coverings of J with the same corresponding cocycle class in H 1 (J[2]). For 
i = 1,2, choose an isomorphism pi : (Ai)k" — > Jk s - Then the two cocycles a 1— » p\ o o~(pi ) and 
(T m p 2 o cK/O^ 1 ) differ by a coboundary. After composing p 2 with Tp for some P G J[2](fc s ), we 
may assume this coboundary is trivial, so p\ o a^p^ 1 ) = p 2 o cr(/9 2 ^ 1 ) for all <r G Gal(fc s /fc). It 
follows that the isomorphism p 2 x o pi is Galois invariant, so A\ and A 2 are isomorphic over k. We 
deduce that the map B 1— > rp is injective. For surjectivity, suppose c: Gal(fc s /fc) — > J[2](fc s ) is a 
cocycle. Composition with the map J[2](fc s ) — > Aut J(k s ) gives a cocycle with values in Aut J(k s ), 
which corresponds by Proposition 12 . 1 II to a twist A of J in the sense that there is an isomorphism 
tp : Afcs — > J fca such that the cocycle a 1— > 99 o <t((/? -1 ) equals c. It follows that [2] o ip is defined over 
the ground field and makes A into a two-covering that maps to the cocycle class of c. □ 

Proposition 2.15. Let A be a two-covering of J corresponding to the cocycle class £ G H 1 (J[2]). 
Then A contains a k-rational point if and only if £ is in the image of 1: J(k)/2J(k) -> H X (J[2]). 

Proof. The inclusion T: J[2](fc s ) — > Aut J fcs that sends P G J[2](fc s ) to T P induces a map 
T* : H 1 (J[2]) — > H 1 (Aut Jfcs). Set 77 = T(£). Suppose 5: Afe B — > J^s is an isomorphism that 
gives A its two-covering structure, so that the composition [2] o g is defined over k. Then 77 is the 
class of the cocycle ip G Z 1 (Aut J^) given by ip(cr) = g ° ir(.g) _1 . 

Suppose there is a point P G J(k) such that £ = t(P) where P is the image of P in J(k)/2J(k). 
Then r\ is also the class of the cocycle tp G Z 1 (Aut J^s) given by <^(cr) = T a iQ)-Q for any fixed 
Q with 2Q = P- This implies that tp and ip are cohomologous, so there is an automorphism 
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to G Aut Jfes such that (p(<r) = to o i/j(<t) o o-(to) -1 for all a € Gal(fc s /fc). Choose such an to and 
set h — mo g and i? = ft _1 (— Q) G A. Then for all <t £ Gal(fc s /fc) we have ft. o er(ft)- 1 = T (t ^q)_q 1 
so 

ct(P) - a^-^-Q)) = o-(/i) -1 (-cr(Q)) = (ft" 1 o ft o o-(ft-) -1 )(-o-(Q)) = 

= (ft- 1 o t ct(q) _ q )(- < 7(q)) = ft- x (-g) - P. 

We conclude that P is fc-rational. 

Conversely, suppose that A contains a fc-rational point, say R G A(fc). Set Q = —g(R) and 
P = 2Q. Take any a G Gal(fc s //e)- Then by Lemma [HH there is a point 5 G J[2](fc s ) such that 
=goa(g)- 1 =T S . We get 

5 - cr(Q) = T s (-a(Q)) = gfabr^i-viQ)) 

= gfaig-H-Q))) = 9(<y( R )) = g(R) = -Q, 

so5 = a(Q) - Q. From = 25 = 2<r(Q) - 2Q = cr(P) - P wc find that P is fixed by <r. As this 
holds for all choices of a we find that P is fc-rational. Its image t(P) is the class represented by 
the cocycle that sends a to T a iQ\Q, which by the above equals £. □ 

Remark 2.16. Let k be a global field. The Selmer group Sel 2 (J,fc) G HV[2]0 S )) 

consists 

of those elements of H 1 (J[2](fc s )) that restrict to elements in the image of l v : J(k v )/2J(k v ) — > 
H (fc„, J[2](fc^)) for every place v of k, see Remark \2.3[ By Proposition \2A5\ these elements 
correspond under the map of Lemma \2.14\ to those two- coverings of J that have a point locally ev- 
erywhere. Again by Proposition \2.l3[ an element o/Sel 2 ( J, fc) maps to zero in the Tate-Shafarevich 
group if and only if the corresponding two- covering contains a rational point. 

Although we do not need it in this paper, it is worth noting that two-covers of J are not just 
twists of J, but can in fact be given the structure of a fc-torsor under J. This implies that if a 
two-covering of J has a rational point, then it is in fact isomorphic to J over fc. The following 
proposition (see [25l Proposition 3.3.2 (ii)] for the proof) tells us how to give a two-covering the 
structure of a fc-torsor under J. 

Proposition 2.17. Let (A,w) be a two-covering of J, and let p: Ak« — ► be an isomorphism 
satisfying [2] o p = n. Then there exists a unique morphism r: J x A — > A given by t(R, a) = 
p^ 1 (R + p(a)), which is independent of the choice of p, and which gives A the structure of a 
k-torsor under J . 

As mentioned in the introduction, our goal is to give an explicit model in P 15 of the two- 
coverings of J corresponding to elements of P 1 (J[2]), as defined just after Proposition 12.21 In 
particular this includes the two-coverings corresponding to elements of Sel 2 (J, fc), see Remarks 12. 31 
and[2Jl] 

3. Models of the Jacobian and its Kummer surface 

We continue to use the notation of Section [21 Let [—1] denote the automorphism of J given by 
multiplication by —1. The Kummer surface X of J is defined to be the quotient J / ([—!]). It has 16 
singularities, all ordinary double points coming from the fixed points of [—1], i.e., the two-torsion 
points of J. Let y be the blow-up of X in these singular points. Then y is a smooth K3 surface, 
which we call the desingularized Kummer surface of J to distinguish it from the singular Kummer 
surface X of J. In many places in the literature, y is also referred to as the Kummer surface 
of J. We denote the (— 2)-curve on ^ above the singular point of X corresponding to P G J[2] 
by Ep. Let J' be the blow-up of J in its two-torsion points. We denote the (— l)-curve on J' 
above the point P G J [2] by Pp. The involution [—1] on J lifts to an involution on J' such that 
the quotient is isomorphic to y. In other words, there is a morphism J' — > y, with ramification 
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I) 



divisor 



PeJ[2] 



Fp, that makes the following diagram commutative, cf. [13l Diagram (2.2)]. 



J 



y 



X 



Let Kc be the canonical divisor of C that is supported at the points at infinity, i.e., Kc = 
(oo + ) + (oo~), where oo + and oo~ are the two points at infinity, which may not be defined over 
the ground field individually. We let ih denote the hyperelliptic involution on C that sends (xo, yo) 
to (a:o, — Vo)- We have ih(cxD ± ) = oo T . For any point Q on C the divisor (Q) + (ih{Q)) is linearly 
equivalent to Kc- 

The map p: C x C — » J that sends (P, Q) to the divisor (P) + (Q) — Kc factors through the 
symmetric square of C. The induced map — > J is birational (see [15l Theorem VII.5.1]). 
In fact, it describes C^ 2 -* as the blow-up of J at the origin of J; the inverse image of is the 
curve on that consists of all (unordered) pairs {Q, ih(Q)}- We may therefore identify the 
function field k(J) of J with that of C^ 2 \ which consists of the functions in the function field 



of C x C invariant under the exchange of the indices. As for any points P. Q on C the divisor 
(P) + (Q) — Kc is linearly equivalent to —(Lh{P) + Lh(Q) — Kc), it follows that [—1] on J is induced 
through p by the involution i^. Therefore the induced automorphism [—1]* of k(J) fixes x\ and 
X2 and changes the sign of y\ and y%. For any function g £ k( J) we say that g is even or odd if we 
have [— 1]*(<?) = g or [— l]*(g) = —g respectively. 

For any Weierstrass point w € W of C we define 0™ to be the divisor on J that is the image 
under p of the divisor C x {w} on C x C. It consists of all divisor classes represented by (P) — (w) 
for some point P on C . The doubles of these so-called theta-divisors are all linearly equivalent. 
By abuse of notation, we will write 2n0 for the divisor class of 2n0„, for any integer n and any 
Weierstrass point w. Although itself is not a well-defined divisor class modulo linear equivalence, 
it is well defined modulo numerical equivalence. We have 2 = 2 (in general, on a Jacobian of 
dimension g we have 9 = gl, see [16j Section 1]). Also, we have h°(nO w ) = n 2 for any integer 
n > and any w £ W; the linear systems |20u,|, 130ml, and |40„,| determine morphisms of J to 
P 3 , P 8 , and P 15 respectively. 

Proposition 3.1. Suppose w is a Weierstrass point defined over k. The linear system \2Q W \ 
induces a morphism of J to P| that is the composition of the quotient map J — > X and a closed 
embedding of X into P|. The linear systems |30 lu | and \AQ W \ induce closed embeddings of J into 
P| and PjJ, 5 respectively. 



Unfortunately, in full generality we cannot use the linear system |30 TO | to give an explicit model 
of J in P 8 ,, as this system may not be defined over the ground field k. If C contains a rational 
Weierstrass point w, then 0^, is defined over the ground field and a model of J in P 8 can be found 
by sending the rational Weierstrass point to infinity, thus reducing to the case that C is given 
by an equation of the form y 2 = h(x) where h is of degree 5, see [12] . The explicit twisting we 
perform in Section [7] was done in [11] in the case that all Weierstrass points are defined over the 
ground field. 

For any divisor Dona variety S over k, let C(D) denote the fc-vector space H°(5', 0s(D)). Let 
0± denote the divisor on J that is the image under p of the divisor C x {oc^} on C x C. Then 
+ + 0_ is a rational divisor in |20|, so the maps induced by |20| and |40| can always be defined 
over the ground field. The first author has given explicit bases for the vector spaces £(0+ + 0_) 



k(C x C) ^ k(x 1 ,x 2 )[yi,y 2 }/(y 2 - f(xi),yi - f(x 2 )) 



Proof. See [THl Section 5, Case d)]. 



□ 



in 
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and £(2(0+ + 6_)) in 0. Set 

ki = l, k 2 = xi+x 2 , k 3 = xix 2 , 

, _ 2/o + fik 2 + 2/ 2 fc 3 + f 3 k 2 k 3 + 2/ 4 fc| + f 5 k 2 k 2 3 + 2/ 6 fcf - 2 yi y 2 

(xi - x 2 y 

kij = fcji = kikj (for 1 < i. j < 4), 

^ x t f 1 y 1 ~x\' 1 y 2 . 

(3) Oj = — i (tor 1 < 1 < 4), 

2*1 2-2 

1 G(a?i,X2)j/i - G(x 2 ,Xi)y 2 
5 ~ 2/ 6 (S! - x 2 f 

h = -^rifih + 2f 2 b 2 + 3f 3 b 3 + Af 4 b 4 + 4/565 - hhh + hk 2 b 4 - 2f 6 k 3 b 4 + 2/ 6 fc 2 6 5 ), 

4/6 

with 

G{r, s) = 4/o + fi(r + 3s) + 2f 2 s(r + s) + f 3 s 2 (3r + s) + 4/ 4 rs 3 + / 5 s 4 (5r - a) + 2f 6 rs 4 (r + s). 
Define the functions a , a±, . . . , 015 by 



a = 


fc 44 , 


«i = -fih 


«3 = 


k 3 i, 


a 4 = f (&24 


a 6 = 


64, 


07 = &3, 


a g = 


h, 


aio = ^33, 


ai2 = 


= fcl3, 


ai3 = ku, 



fik 



11 



■2 libit 


a 2 = 


kb A 


- hkn - hk 33 ), 


a 5 = 


ku, 




a s = 


b», 




an = 


= fe3 




au = 


= fell 



2hh 



(4) 



Ol5 = ^22 ~ 4fci 3 . 

The functions clq, . . . , 015 are the functions used in [?J Sections 2.1-2] as zq, ... , 215. 

Proposition 3.2. 27ie sequence (ki,k 2 ,k 3 ,k4) is a basis for £(<d + + The sequences (aj)|£ 

and (fcn, fei2, . . . , A; 44 , 61, ... , 6g) ar e bases for £(2(0+ + 0-)). 

Proof. One checks that the functions ki,k 2 ,k 3 , fc 4 are regular except for a pole of order at most 
one along 0+ and 0_, so they are contained in £(0+ + ©— )• Since the function 7/17/2 is not 
contained in the subfield k(x%, x 2 ) of fc(J), it follows that these functions are linearly independent. 
As £(0+ + 0_) has dimension 4, they indeed form a basis. A similar argument works for the vector 
space £(2(0+ + ©-))■ Alternatively, one checks that ao, ■ ■ ■ , aw are the functions defined in [H 
Sections 2.1-2], where it is proved that they indeed form a basis of £(2(0++0_)). From ((4]) it then 
follows immediately that the sequence (ku, ki 2 , ■ ■ ■ , fc44, b\, . . . , be) is a basis of £(2(9+ + ©-)) as 
well. □ 

Corollary 3.3. The quotient map J — > X is given by D 1— > [fci(-D) : k 2 (D) : k 3 (D) : ki(D)\ or 
D ^ [k u {D) : k 2l {D) : k 3l {D) : k U {D)\ for any 1 < i < 4. 



Proof. This follows immediately from Propositions 13. II and 13.21 □ 

For any k- vector space V we denote the multiplication on the symmetric algebra Sym V — 
©d°=o Sym rf V by (g, h) <— ► g * h to avoid confusion with a possibly already existing product. In 
particular this implies that for every positive integer d the natural quotient map V® d — > Sym d 1/ 
is given by wi ® ■ ■ ■ ® Vd > ui * • • • * w^. 

Remark 3.4. Under the natural map Sym 2 £(0+ + 0_) — * £(2(0+ + 0_)) that sends g*h to gh, 
the element ki * kj maps to kij. The fact that is a linearly independent set is equivalent to 

the fact that this map is infective, which is in turn equivalent to the fact that there are no quadratic 
polynomials vanishing on the image of X in P 3 embedded by |20|. For the rest of this paper we 
freely identify Sym 2 £(0+ + 0-) with its image in £(2(0+ + 0-)). 



TWO-COVERINGS OF JACOBIANS OF CURVES OF GENUS TWO 



11 



Remark 3.5. Note that an d ( a 0: a 3i a 4: a 5: a io? ■ • ■ > a is) are oases of the 10- dimensional 

space of even functions, while (bi)i and (a±, aa, &6, &7, etg, ag) are 6ases of the 6 -dimensional space 
of odd functions. It follows from Provositions VS. 1] and \3.2\ that together they give an embedding of 
J into P 15 . By definition of the kij , the projection o/P 15 onto the 10 even coordinates factors as 
the map from J to P 3 given by k\, fe, k^, k<± and the 2-uple embedding from P 3 to P 9 . Again by 
Propositions \3.1\ and \3.S\ it follows that this map from J to P 9 is the composition of the quotient 
map J — > X and a closed embedding of X into P 9 . 

We now study the projection onto the odd coordinates; this gives the desingularization of X. 
By abuse of notation we also write 2n® or 8± for the divisor class on J' that is the pull-back of 
2rtO or Q± on J under the blow-up map J' — ► J for any integer n. 

Proposition 3.6. There are direct sum decompositions 

£(2(0 + + 0_)) = (even coordinates) (odd coordinates) 

= Sym 2 (£(e+ + 0_)) 8 £(2(6+ + 6_))(-J[2]) 

~ H°(*,¥>*0p»(2)) © H (j',O./'(2(e+ + e_)-Ep^p)) 

where £(2(0+ + 0_)) (— J[2]) is the subspace of £(2(0 + + 6-)) of sections vanishing on the two- 
torsion points and ip: X — > P 3 is t/ie embedding of X into P 3 associated to |0 + + O_|. Furthermore, 
the projection of J C P 15 away /rom i/ie ewen coordinates determines a rational map 

J —4 P 5 

D ^ [&!(!») :...:6a(I>)] 

which induces the morphism J' — > P 5 associated to the linear system 40 — p Fp \ on J', and 
factors as the quotient map J' y and a closed embedding y — > P 5 . 

Proof. The decomposition into even and odd coordinates is immediate, since the characteristic 
of the field k is different from 2. The vector space £(2(Q + + 9_))(— J [2]) contains all the odd 
functions; the reverse inclusion is a consequence of [TJ Exercise VIII. 22. 9, p. 104]. This establishes 
the second decomposition. The third decomposition follows at once from the previous ones. The 
second part of the proposition follows. □ 

In the following diagram we summarize the maps that we described. 




The ideal of the image of J in P 15 is generated by 72 quadrics (see [7]). There are 21 linearly 
independent quadrics in just the even functions, which define the image of X in P 9 . A 20- 
dimcnsional subspace of the space generated by these quadrics is spanned by the equations of the 
form kvs — ^js for 1 ^ 

hj, r , s < 4, which define the image of P 3 in P 9 under the 2-uple 
embedding. From the quartic that defines the image of X in P 3 we find another quadric in only 
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the even functions, namely 



(5) 



Set 



gx = (-4/0/2 + fi)k 2 u - 4/o/ 3 fciife 12 - 2/1/3*11*13 - 4/ *n*i4 - Af f A k 2 12 + 
(4/o/5 ~ 4/ 1 / 4 )fcl2*13 - 2/ 1 fc 11 fe 24 + (-4/o/e + 2/1/5 - 4/2/4 + f!)k 2 13 - 
4/2*11*34 - 4/0/5*12*22 + (8/o/e - 4/1/5)^13^22 + (4/i/ 6 - Af 2 f 5 )k 13 k 23 
2/3*13*24 - 2f 3 f 5 k 13 k 33 - Af 4 k 13 k 34 - 4fci 4 fc 34 - 4:f a f 6 k 22 - 4/i/ 6 * 2 2*: 



4/2/6*23 + *34 - 4/3/6*23*33 - 2/5*23*34 + (-4/4/6 + /|)*33 - 4/ 6 *33*. 



23 - 
33*34- 



ei = 2/o6i 
e2 = /3^3 4 
C3 = /5&4 ^ 



K/lfe, 

2(/ 4 6 4 
2f 6 b 5 . 



hbb + fob 6 ), 



Then the four entries Qi 



Qa of the vector 



(6) 



( 







-ei 




e2 


\ 


&4 



ei 


e3 
-63 



-<32 
-<33 



62 



-64 
63 
-62 





V 



fil 

Q 2 
Q 3 
Qi 



/ *i \ 

*2 
*3 
V *4 / 

are linear combinations of the functions kibi that vanish on J. Multiplying each Qi by any of the 
four kj gives 16 linear combinations kjQi of the functions kijbi, and thus 16 vanishing quadrics 
kjQi in the kij and the bj. Since the matrix in ([6]) is antisymmetric, the linear combination 
*iQi + *2Q2 + *3£?3 + *4Q4 is identically zero. It can be checked that this is the only linear 
combination of the kjQi that vanishes identically, so we obtain a 15-dimensional subspace of odd 
quadrics that vanish on J. Replacing each bi by 6i_i, with bo defined so that - fjbj = 
for notational convenience, we get another 15-dimensional subspace of odd quadrics that also 
vanish on J. These equations together give the full 30-dimcnsional subspace of the odd vanishing 
quadrics. 

We are 21 quadrics short of 72. Note that the space of quadratic polynomials in 61, . . . , be has 
dimension 21. The remaining 21 vanishing quadrics express the quadratic polynomials in the bi 
in terms of the ha- We have for instance 



bi 

2hb 2 

bi 
26 2 6 3 

bt 
26364 

(7) 



/2*ii + /3*11*12 + *11*14 + /6*11*33 + A*? 2 ~ /5*12*13 + /5*12*22 



2/6*13*22 + /6*22; 



-/l*ll + /3*11*13 + 2fiknk 23 + fcnfc 2 4 - /5*11*33 
/o*ll + /t*i3 + *13*14 + /5*13*23 + /6*22*33, 

2/o*ll*12 + /l*ll*13 - /3*13 + *13*24 + /s*13*33 + 2/ 6 *23*33, 
/o*ll*22 + /l*ll*23 + /2*11*33 + *14*33 + /6*33> 

-/l*ll*33 - 2/o*l2*13 + 2/o*l2*22 + 2/2*12*33 + 2/i*i3*22 + /3*13*33 



2/6*12*33 + 2f 5 k 13 k 22 + 2/ 6 *22*23, 



*24*33 — /5*33' 



/o*ll*33 ~ 2/o*i3*22 ~ /l*13*23 + /o*52 + /l*22*23 + /2*23 + /3*23*33 + /4* 3 3 + *33*34 



For the full list, see 0. 

Remark 3.7. TTie 42- dimensional space of even vanishing quadratic polynomials contains a 3- 
dimensional subspace of quadratic polynomials that only involve bi,...,be. These describe the 
image of y in P 5 . With respect to the sequence (pi, . . . ,be), the symmetric matrices RPT with 



B = 



( 
1 







V 



6 

-1 



-foU 1 \ 

-/l/( 

-Uf, 



6 

-1 



T = 



~/5/ 6 / 



f fl 


h 


h 


h 


h 


h 


\ 


h 


h 


h 


h 


h 







h 


h 


h 


h 










h 


h 


h 













h 


h 
















\ h 
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and < j < 2 correspond to quadratic polynomials that span this subspace. The reader is encour- 
aged to compute the matrices RPT for 1 < j < 7, which will come back in Section [7} 

Remark 3.8. Note that we can use the last 21 given even quadrics to describe the rational map 
from X to y . Indeed, a general point P on y C P 5 is given by [b r (P)bi(P) : • • • : b r (P)be(P)] for 
any fixed r. As mentioned above, all quadratic polynomials in the hi can be expressed as quadratics 
in the kij, or as quartics in the fcj. The corresponding expressions for b r b\, . . . , b r bg induce a map 
from X to y that is the rational inverse of the blow-up morphism y — > X. This morphism can be 
described explicitly as 

[bi : ■ ■ ■ : b&] h-> [ki : k 2 : k 3 : fc 4 ] = [bib 3 - b\ : &1&4 - b 2 b 3 : b 2 b± - b\ : 

fob\ + fxhh + / 2 &2 + hb 2 b 3 + hbl + f 5 b 3 h + f 6 b% 

which can be checked either by expressing the quadratic polynomials in the bi in terms of the kij , 
or by checking directly that for instance b\b 3 — b\ = —y%y2- Furthermore, as this map only involves 
bi,b 2 ,b 3 , and 64, it factors through the projection 0/P 5 on the P 3 with coordinates b\, . . . , 64. The 
image of y under this projection is the Weddle surface (see [H Chapter 5]), which is given by 

fob\b A - 3/ 6?6 2 6 3 + hbjhbi - hb\bl + 2/0M2 - fibib 2 2 b 3 + f 2 b 1 b 2 2 b i - 

2/2&1M3 - hbibl - Uhblh - f 5 hb 3 bl - fchbl + hb\ + f 2 b% + f 3 b 3 2 b 4 + 

2/4^6364 + hb\b\ - Ub 2 b 3 3 + f 5 b 2 b 2 3 b 4 + 3f 6 b 2 b 3 bl - feb\ - 2/ 6 & 3 & 4 = 0. 

This answers the question in [H Section 16.6] to describe the map X — > y explicitly. 

4. Another description of the desingularized Kummer surface 

The description of the desingularized Kummer surface given in this section is also given in [H 
Chapter 16]. As in [T3], we also extend it to twists of the surface. This new description serves 
several purposes. First of all, over A; s it allows us a find a set of three diagonal quadratic forms 
that describe y. Second, it helps us to understand the action of J[2] on our explicit model of y 
in P 5 . In fact these two purposes are closely related. 

Consider the projective space P(£) = (L — {0})/fc* over k with L — k[X\J f as before. Its 
homogeneous coordinate ring is Sym(L) = © n > Sym n (L), where L = Hom(L, k) is the dual of 
L. One important basis of L, though not particularly convenient to work with, is the power basis 
1, X, . . . , X 5 . Its dual basis of L is po, . . . ,p$, where pi just gives the coefficient of X % , so that for 
each z £ L we have z = Y^i=oPi( z )X l ■ This dual basis determines a coordinate system on f(L). 

For any S G L* , let C^ S \ . . . , £ Sym 2 (L) be quadratic forms such that C- (z) — pj{5z 2 ), 

and let V s C P(L) be the variety defined by C { 3 ) = C| 5) = ) = 0. Then ^(fc s ) is the image in 
¥(L S ) = {L s \ {0})/fc s * of the subset 

Vs = KeI s \ {0} : <5£ 2 = rX 2 + sX + t for some r, s, t 6 k s } C L s \ {0} 

for any 5 £ L*. Recall that the Cassels map n o l: J(k)/2J(k) -> L*/L* 2 k* sends the class of 
the divisor ((2:1,2/1)) + ({x 2 ,y 2 )) — Kc to (X — X\){X — x 2 ). Therefore, if the class of 5 £ L* in 
L*/L* k* is in the image of the Cassels map, then there exists a £ £ L* and s,t,c £ k* such that 
5( 2 = c(X 2 - sX + 1), i.e., such that (£•&*) £ P(£) is contained in V 5 . 

In this section we will see that V\ is isomorphic to the desingularized Kummer surface y and 
that Vs is a twist of V\ for every 8 £ L* . li 8 has square norm, say N{S) = n 2 , then there is a 
two-covering A of the Jacobian J corresponding to the cocycle class in H 1 (J[2]) that is the image 
of (8,n) £ T under the map in Corollary [221 m Section [7] we will see that Vs is a quotient of A. 

Note that although we used pi to define c\ 5 ^ £ Sym 2 (L), we have not yet expressed the quadrics 
in terms of any basis of L. Before we do so, and thus describe Vs explicitly with respect to 
various bases of L, we make some basis-free remarks. 

For any a £ L* , let m a denote the linear automorphism of L given by multiplication by a, 
and let rh a be its dual automorphism of L, so that for every h £ L and every z £ L we have 
m a (h)(z) = h(m a {z)) — h{az). The automorphism of L ®k ■ ■ ■ <8>fe L induced by the action of rh a 
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on each factor L induces an automorphism of Sym"(L) for every n, which we also denote by m a . 
In particular we have m a (cf )(z) = pi(6 ■ (az)(az)) = pi(6a 2 z 2 ) = c\ Sa \z) for all z € L s and all 
i G {0, . . . , 5}. The automorphism of L >S>k ■ ■ ■ <S>fc L induced by the action of rh a on exactly one 
copy of L induces an automorphism of Sym"(L) that we denote by rh°. Note that on Sym™(L) 
we have (m°)™ = rh a . 

Proposition 4.1. For any <5, £ G L* , the automorphism of¥(L) induces an isomorphism from 
V se to V s . 

Proof. As mentioned above, for i € {0, ... , 5} and for all z G L s we have rh^(C^)(z) = cf \z). 

Since V s is defined by cf = cf } = cf = and V se by Cf ^ = Cf ?2) = cf 2) = 0, we 
conclude that induces an isomorphism from Vggz to Vs- O 

Corollary 4.2. For any 6 G L* , the surfaces Vs and V\ are isomorphic over k s . 

Proof. Choose e £ L s * with e 2 = 5 and apply Proposition 14. II with £ = e~ l . □ 

Corollary 4.3. The map (i2(L s ) — > Aut(P(L s )) that sends £ to induces an infective homo- 
morphism ^2{L s )/^2 — * Aut ((Vs)k») ■ 

Proof. By Proposition 14.11 we get a homomorphism ip: H2(L S ) — > Aut ((Vs)k»)- Clearly we have 
fi 2 C ker^>. Choose e G £ s * with e 2 = <5 and let P G P(L) be the image of e -1 in P(L) = 
(L — {0})/fc s *. Note that we have P € (V^)^. Suppose that £ € ker-0, so the automorphism 
induces the identity on Vs. Then mt (P) = P, so = ce _1 for some c G fc s *. We conclude £ = 
c G fi2(L s )r\k s * = [i2{k s ), so ker-0 = ,U2 and tp induces an injection ^2(£ s )/a*2 — > Aut ((Vi)fcs). □ 

We have m°(Cj = pj((5(az)z) = cj 5 "^) for j G {0, ...,5}, so in particular we find 

m° s (C^) — Cj S \ Note, however, that the action of rhg on Sym 2 L is not induced in the normal 
way by the action of rhs on L, so this last equality does not imply that we get an isomorphism 
between Vs and V\ defined over the field of definition of 6. Still, it does help us to get a better 
understanding of the quadrics that define Vs- For a = X and any z G L we have 

^m° x (d 5) )(z)Xi = j^p ] (8(Xz)z)X= = X ■ Sz 2 = X ( Vcf (z) X' 




where the last equality can also be interpreted as coming from the fact that with respect to the 
basis (1, X, ... , A 5 ), the action of mx on L is given by multiplication from the left by the matrix 
R of Remark 13.71 Comparing coefficients of X J + , we conclude by downward induction on j that 

(8) hCf } = f j+l ci 5) + f j+2 m x C^ + ... + fe(m°x) 5 - j ci S) , 
for < j < 5. For every integer j > 0, set 

(9) Qf = (m^'cf = ((m° x y o mf)cf >. 
Then we can write (jHJ as 

(10) / 6 (cf cf • • • Cf ) = (QW • • • QW) • T, 
with the matrix T of Remark 13.71 From (|10p we deduce 

qP = c<?\ 

(11) Qi 5) = cf -htfcP , 



Qf = cf - /s/fcf + (/ 2 /- 2 - Z^- 1 )^ 



(») 



Proposition 4.4. For any S G L*, tte surface Vs is given by Q^p = = Q% = 0. 
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Proof. This follows immediately from the fact that Q^\Q^i\Q 2 S ^ are linear combinations of 
Cf 3 , cf ] , Cf ' and vice versa. □ 

Proposition 4.5. Write S £ L* as S — J2i=odiX\ Then for any integer j > we have Qj = 
Proof. We have rh° 5 = J2i=o di{rh° x )' 1 , so this follows directly from ©. □ 



Propositions l4.4 land l4.5l show that in order to give explicit equations in terms of some coordinate 
system on P(L) for Vs with S = J2 i= o diX 1 , it suffices to know Cg in terms of the basis of L that 
corresponds to that system and m° x with respect to that basis. Note also that for £ = J2 i=0 CiX l 
we have ro| = ^2i = QCi(rh x ) 1 , so knowing fh° x with respect to any basis, we know which linear 
combination of its powers gives with respect to that basis. 

We now mention a few bases. The first we have already seen, namely the basis (1, X, ... , X 5 ) 
of L over k with corresponding dual basis (po,pi, ■ ■ ■ ,P5). For the second, note that the set 
{(fu : oj £ il} is an unordered basis of L s over k s with ip u : L s — > fc s , X i— > li as before. Set 
■Pw = I\e£n\{u,}(X ~ #) and A w = P w (u;). Then P w = X~ l P u is the corresponding Lagrange 
polynomial. We have Lp (JJ (Pg) = Pe(u>) = S^g, where 5 u g is the Kronecker-delta function, which 
equals 1 if u> = 6 and otherwise. So {P u : to £ ft} is the unordered basis of L s over k s that is 
dual to {p u : ui £ O}, with P w corresponding to <p u for all oj £ SI. The set {Pi : oj £ SI} is also 
an unordered basis of L s , whose dual basis is {Tp^ : ui £ fl} with Tp u = \~ (p u . This gives a third 
pair of bases. Note that P u ■ Pe — S^gP^, so we have a very easy multiplication table for the P u . 



Proposition 4.6. In terms of the ip^ and the ip t 

^ -E 

for all integers j > and all S E L* . 



Proof. For any z £ L and S £ L* we have z = ^ w ^(^i^ and <5 = ^ w ^(^i^, so from 
Pi ■ Pj = 5i J P l we find SX j z 2 — J2 U ^ J (t>uj{S)4>uj{z) 2 P u . We conclude that for all z £ L s we have 

Qf{z) = (m° x y(C^)(z)= P5 (S(X^z)z)=p 5 (^^^(S^zfP^ . 

Since the coefficient of X b in P u is Aj 1 , we find = J2u ^^jVwt^Vw- The other expressions 
follow immediately from Tp^ = Aj 1 ^. □ 

Because multiplication among the P u is very easy, and multiplication by X is just multiplication 
of P u by oj for each w, the equations come out as simple as they do. Unfortunately, the P u and 
corresponding tp u are in general not defined over the ground field k. The fourth basis (g\, . . . , g§) 
with 



91 


= /l- 


v f 2 x ^ 


- hx 2 - 


\- f 4 x 3 - 


h / 5 X 4 + / 6 X 5 


.92 


= /a- 




- f 4 x 2 - 


F f 5 X 3 - 




.9.3 


= /a- 




- hx 2 - 






.94 


= /4- 




- fcx 2 , 






.95 


= /5- 


hf 6 X, 








96 


= hi 











is defined over fc. Note that while multiplication by X with respect to the basis (1, X, . . . ,X 5 ) 
is given by multiplication from the left by the matrix R of Remark 13. 7i with respect to the basis 
(<7i, . . . , ge) it is given by multiplication from the left by the transpose i?* of R, or, equivalently, 
by multiplication from the right by R. Also multiplication among the gi is given by relatively easy 
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formulas. Note that the matrix T of Remark |3 . 71 describes the transformation between the bases 
(1,X, . . . ,X 5 ) and (gi, . . . ,go). Let {v\, . . . ,vq) be the basis of L dual to the basis (g±, . . . ,ge) of 
L. 

Proposition 4.7. Take 5 = Ylf—n diX % £ L* . Then for every integer j > 0, in terms ofv±, ■ ■ ■ ,vq 
the quadratic form f§ l Q^p corresponds to the symmetric matrix Yli=o diR l+ ^T . 

Proof. For every z £ L s we have z = Y^=i v i( z )9i- Writing z 2 as a linear combination of 
1, X, . . . , X 5 , we find that the quadratic form C'^ in terms of the v; corresponds to the symmetric 
matrix feT. As mentioned before, multiplication by X with respect to the basis (gi, . . . , ge) corre- 
sponds to multipliction by the matrix R from the right. This describes exactly the induced action 
on the Vi, so we conclude that for all integers j > 0, with respect to the basis (v\, . . . ,vq), the 
quadratic form (m° x )'j {C^ ) corresponds to the symmetric matrix R?T. The proposition therefore 
follows from Proposition 14.51 □ 

Remark 4.8. As Vg is given by Q^p — QP — qP = 0, we only need Proposition \4- 7| for 
j = 0, 1, 2 to find equations for Vs. Therefore, the required exponents of R in R l+0 vary from to 
7. As mentioned in Remark \3.7\ it is worth writing down R n T for all n with < n < 7 to see 
how simple the equations are. 

Corollary 4.9. In terms of the coordinates v±, . . . , vq of¥(L), the surface V\ is given by quadratic 
polynomials that correspond to the symmetric matrices T , RT , and R 2 T '. 

Proof. The surface V\ is given by , , and Q% . The corollary therefore follows immediately 
from Proposition 14. 71 □ 

By Remark 13.71 the surface y C P 5 is given in terms of the coordinates b\, . . . , 6g by quadratic 
forms that correspond to the symmetric matrices T, RT, and R 2 T. These are the same matrices 
as in Corollary 14.91 so y and V\ are isomorphic. 

Definition 4.10. Let ry denote the isomorphism ry : y — * V\ given by \b\ : . . . : be] i— > X)i=i 
or equivalently, in terms of the coordinate system v\, . . . , vq, by Vi — bi for all i, and let rj : J ---> 
V\ denote the composition of ry with the rational quotient map J --■> y, so that rj(D) = 
J2i=ibi{D)gi £ L s (see Proposition \3. 6\) . 

Cassels and the first author [H Section 16.3] also describe a rational map J — » V\, which sends 
the class of the divisor D = ((xi,yi)) + ((^2,2/2)) — K c to the image in P(L S ) of the element 
£ = M(X)(X — xi)^ 1 (X — X2)" 1 , where M(X) is the unique cubic polynomial such that the 
curve y = M(x) meets the curve given by y 2 — f[x) twice at (x\,yi) and (X2,U2)- Moreover, 
if H(X) denotes the quadratic polynomial whose image in L s equals £ 2 , then the roots of H(x) 
are the ^-coordinates of the points R\ , i?2 on C with 2D ~ i?i + i?2 — Kc and in fact we have 
((y — M(x))/H(x)) = 2D — (i?i + R 2 — Kc). The following proposition tells us that this map 
coincides with rj. 

Proposition 4.11. Let Pi — (xi,yi), P% — (2:2,1/2) be points of C and suppose that they are not 
Weierstrass points and that x\ ^ xi. Let M(X) be the unique cubic polynomial such that the 
curve y = M(x) meets the curve given by y 2 — fix) twice in P\ and P2 and set £ = M(X)(X — 
Xl )-\X - X2)- 1 £ L s . Then we have y m (, = J^Li b *(D)g t with D = [{Pj) + (P 2 ) - K c \. 

Proof. First note that bi(D) is as given in ([3]), except that xi, X2, yi, yi are now elements of the 
ground field k s , rather than transcendental elements over k in the function field of C X C. For any 
distinct c,d £ k s , set 

g c>d (X) = (c - d)- 2 (X - c) 2 {X - d), and h c>d [X) = (c- d)- 3 {X - c) 2 {2X +c-3d). 
Then 

9cd( c ) = 9cA c ) = h cA c ) = K,di c ) = 9cA d ) = K,d(d) = 0, g'cAd) = h c , d (d) = I, 
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so the polynomial 

M(X) = tJp±g XuX2 (X) + l!plg X2 . Xi (X) + y 2 h XuX2 (X)+ yi h X2 , Xl (X) 

satisfies M(xi) = yi and M'(xi) = ^f- for i = 1,2. From Af(iCi) = j/j and M'(xi) = we 

find that X\ and X2 are distinct double roots of the cubic polynomial M — M, and we conclude 
M = M. Note that for any constant d € k s , the quintic polynomial (f(X) — f(d))/(X — d) equals 
d t ~ 1 gi. In L s we have f(X) = 0, so if f(d) / 0, then we have 

1 f(X)~f(d) 



X-d J y ' x 



and thus for any c £ k s we find 



= 2X - c - d - = 2X - c - d + y <r- 1 9l . 

(X-c)(X-d) X-d /(d) * 

We also have (c — d) 3 g c ,d(X — c)^ 1 (X — e?) -1 = (c — d)(X — c) and may therefore write 
2(xi - x 2 f yi y 2 i = 2{ Xl - x 2 f yi y 2 M{X){X - x^-^X - x 2 )- x 

=.f'(x2)yi(xi - x 2 )(X - xi) - f'(xi)y 2 (x 2 - xi)(X - x 2 ) 
(12) +2y m (2X -x 1 -x 2 )(y 2 -y 1 ) 

„ / (xi-x 2 ) 2 J^ i-x (a;i-a;2) 2 '^ j_ a \ 

The last line of (|12|) is already written as a linear combination of g%, . . . , ge. To write the first two 
lines of the right-hand side of (|12[) as a linear combination of g\ , . . . , g§ as well, we use 1 = f§ ge 
and X = f 6 1 g 5 - faf^ge- Using yf = f(xi), we obtain y x y 2 ^ = X^ =1 &iS; for 



&6 = 



GC^iv^j^i ~ G{x 2 ,xi)y 2 

1fo{xx - x 2 ) 3 
H(x 1 ,x 2 )yi - H(x 2l xi)y 2 

2/Kii - z 2 ) 3 



with 

G(r, s) = 2/ 6 (r - s)V + (r - «)/'(«) + 4/(s), 

ff(r, s) = 2/ 6 V(r - s) 2 - (r - s)(/ 5 + / 6 r)/'(a) - 2(2/ 8 + / 6 (r + s))/(s). 

Indeed, from ([3]) we get hi = bi(D), which proves the proposition. □ 

Remark 4.12. Cassels and the first author [4] also show how to make the rational quotient map 
J ---» y explicit. However, their formula (16.3.8) is missing a factor x — u and u — x in the terms 
—2F(x,X) and —2F(u, X) respectively. Here x and u stand for our xi and x 2 . 

By Propositions 14.41 and 14.61 we have three diagonal quadratic forms in terms of the coordinate 
system that describe Vi over fc s and, through ry, also y. We could have already given 

an explicit linear automorphism of P 5 to give these equations for y in the previous section, but 
through the relation between y and Vi it comes more natural. 

Remark 4.13. By Corollary \4-3\ we have an action of fi 2 (L s ) / fi 2 on V\. Through the injection 
e: J[2](k s ) — ► fi 2 (L s )/fi 2 of Section^ this induces an action of J[2](k s ) on V±, and thus on y. 
On the coordinate system {ip^}^ this action corresponds to negating some of the coordinates, so 
we have simultaneously diagonalized the action of all two-torsion points on V\ and y. 
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It is, however, a priori not obvious that this action of J [2] coincides with the action on y that 
is induced by the action on J given by translation, even though it may be hard to imagine any 
other action by J [2]. This is indeed never claimed in [4], even though the action is mentioned [H 
Section 16.2]. In the next section we will see that the actions do coincide. 



5. The action by the two-torsion subgroup 

For any P E J[2](fc s ) the translation Tp £ Aut(Jfea) commutes with [—1], so it induces auto- 
morphisms of X and y, both of which we denote by Tp as well. Unless specifically mentioned 
otherwise, whenever we refer to the action of J[2](k s ) on X, y or J, we mean this action. In this 
section we describe the action of J[2](k s ) on J in P 15 by first analyzing its action on the models of 
X in P 3 and P 9 and the model of y in P 5 . These actions are all linear, induced by actions on the 
/c(0)-vector spaces £(2(6+ + ©_)), £(©+ + ©_), Sym 2 £(0+ + 9_), and £(2(0 + + 0_)-£ p F P ) 
respectively. As no model is contained in a hyperplane, the actions on these vector spaces are well 
defined up to a constant. 

Purely for notational convenience, we first define some groups isomorphic to the groups in 
Diagram ([1]). Let H denote the group of subsets of O, where the multiplication is given by taking 
symmetric differences, i.e., for I\,I<i C O we have I\ ■ 1% = (J\ U I2) \ (Ii H h)- The identity 
element of 3 is the empty set. To each element x E ^2{L S ) = ® w \ii we can associate the set 
{lu E CI : fuj{x) = — 1}, which induces an isomorphism e: ^{L 5 ) — > 5. We have e(— 1) = CI, 
and multiplication by —1 on ^{L 5 ) corresponds to taking complements. There is an induced 
isomorphism e: /i2(L s )//i2 — * 2/(51) and elements of 3/(0) can be viewed as partitions of CI into 
two subsets. The perfect pairing described in Section [2] corresponds to the pairing 5 x 3 — > /i2 
that sends (Iijh) to (—1)'' with r = fl h)- We denote this pairing by J2) 1— > (^i : h)- 
The subgroup Ai = e(M) C S consist of subsets of even cardinality. The subgroup e(J[2](k s )) = 
M. I (CI) C 3/(fi) consists of partitions of CI into two subsets of even cardinality; any nontrivial such 
partition has a subset of cardinality 2, say {0)1,012}, and it corresponds to the class of the divisor 
((wi,0)) + ((^2,0)) — Kc- The partitions of CI into two parts of odd cardinality are contained 
in (S/(f2)) \ (M/(Cl)) — (5 \ M)/(Cl), where the last quotient is not a quotient of groups, but 
a quotient of the set 3 \ M. by the group action induced by multiplication by CI, i.e., by taking 
complements. We get the following commutative diagram, cf. Diagram (flj). 




M/(Cl) 



J[2](k s 



■3/(0) 



■M2(£ S )/M2 



First we describe the action of J[2](fc s ) on the model of X in P 3 , that is, the action, up to a 
constant, on £(9+ + 0_). Note that saying that {lji,^} is contained in the partition e(P) for 
P E J[2](fc s ) is equivalent to saying that P is nonzero and corresponds to the pair {u>i,u>2}, or 
more precisely, to the class of the divisor ((wi, 0)) + ((^2, 0)) — Kc- 

Proposition 5.1. Take P E J[2](fc s ) and u>i,u>2 E CI such that {w^a^} E e(P). Set g(x) = 
(x — u>i)(x — UJ2) an d h(x) — f(x)/g(x). Write g = x 2 + g\x + 30 an d h = h^x 4 " + J13X + . . . + h . 
The automorphism Tp on the model of X C P 3 defined by £(0+ + 0_) is induced by the linear 
automorphism £(0++0-) defined by JZ i=1 aiki 1— » Yli=i a i^i w ^ ( a i a 2 a 3 a 4) = ( a i °2 a 3 a^j-Mp 
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where 



Ah 



h + g h 2 - glhi g Q h 3 - g g\h A g x h 3 - g 2 h A + 2g h± 1 

~9ohi - g gih 2 + ggh 3 h - g h 2 + glh 4 hi - g\h 2 - g h 3 -g\ 

-gfh + 2g h + goffi^i -01 h + .9o^i -ho + g h 2 + 3^4 go 

M 4; i M 4;2 M 4)3 M 4>4 J 



M 4j i = -gih hi + glh h 2 + g a h\ - 4g a h a h 2 - g a gihih 2 + g gih h 3 - glhih 3 
^4,2 = g\h h 3 - glh^hi - 2g h h 3 - g gihih 3 + 4g ffi^o^4 + gog\h\h^ - 2g 2 Vl h 1 h i 
M 4,3 = ~gohih 3 - g gih 2 h 3 + go5i^4 + g glh 2 h 4 + g^hj - -ig%h 2 h 4 - g^gih 3 h 4 
M 4>4 = -h - g h 2 - glhi 

Moreover, we have det Mp = Res(<7, h) 2 and Mp — Res(g, h) ■ Id, where Res(g, h) is the resultant 
of g and h. 

Proof. See H Section 3.2]. □ 

Remark 5.2. Note that as Mp in Provosition \5. 1\ is acting from the right on the coefficients with 
respect to the basis (ki, k 2 , k 3 , fe 4 ), it acts from the left on the dual and we can describe the action 
of T P on X C P 3 by [fei : k 2 : k 3 : ki] i-> [k[ : k' 2 : k! 3 : fc 4 ] with (k[ k' 2 k' 3 fc 4 )* = M P {k x k 2 k 3 /c 4 ) t . 

Definition 5.3. For nonzero P E J[2](k s ), let T 4 ,p denote the linear automorphism of £(©++©_) 
described in Proposition \5. 1\ and let Xio,p denote the linear automorphism of Sym 2 £(0+ + 0-) 
defined by T W p — (Res(<?, h))' 1 Sym 2 T 4 p with g,h as in Proposition [OJ Let T 4 .o and T 10 
denote the identity of L(Q+ + 0_) and Sym 2 £(0+ + 0_) respectively. 

The integer n in the subscript of T n ^p equals the dimension of the vector space on which the 
automorphism T„p acts. For any finite-dimensional vector space W of dimension n, let SL(M /r ) 
denote the group of linear automorphisms of W with determinant 1, and set PSL(M / ) = SL(W)//J, n , 
where /x„ C SL(M / ) is the subgroup of scalar automorphisms induced by multiplication by the n-th 
roots of unity. 

Proposition 5.4. If P E J[2](k s ) is nonzero, then Tiop has characteristic polynomial (A — 1) 6 (A+ 
l) 4 , and we have T 10 ,pESL(Sym 2 £(©+ + ©_)). 

Proof. Let r E fc s satisfy r 2 = Res(g,/i) with g, h as in Proposition 15.11 From Proposition 15.11 
we conclude that the four eigenvalues Ai,...,A 4 of T 4j p satisfy A 2 = Kes(g,h) — r 2 . Not all 
eigenvalues are the same, as otherwise the action of Tp on X C P 3 would be trivial. From 
Y[i Aj = det T 4 p = r 4 we conclude that the characteristic polynomial of T 4 p equals (A 2 — r 2 ) 2 . 
Standard formulas imply that the characteristic polynomial of T^p = r~ 2 Sym 2 T 4i p is as claimed. 
It then also follows that the determinant equals 1. □ 

Proposition 5.5. Let P E J[2](k s ) be any point. The automorphism Tp on the model of X CV 9 
defined by Sym £(©+ + 0-) is induced by the linear automorphism Xio,p of Sym £(0+ + 0-). 

Proof. For P = this is trivial. Suppose P is nonzero. The model of X in P 9 is the 2-uple 
embedding of its model in P 3 , so the first statement follows from Proposition l5.ll as Tiop equals 
Sym 2 T 4 ,p up to a constant. □ 

Definition 5.6. Let a: M — > \x 2 be the function given by a(m) = (—1)'*, where 2r is the number 
of to E f2 with Lp u (to) = — 1 . 

Note that for all m, to' E M we have 

(13) ew(f3(m), /3(m')J = a(mm')a(m)a(m') 

where e\y is the Weil pairing, as before. 
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Remark 5.7. Michael Stoll defines the group T' to be the group on the set p 2 x >^[2](fc s ) 

with multiplication given by 

(ai.Pi) • (a 2 ,P 2 ) = (a 1 a 2 e w (P u P 2 ),P 1 +P 2 ) 

where e\y is the Weil pairing. It follows from (|13[) that the map M — > T' , m i— > (a(m), f3(m)) is 
an isomorphism. 

Let pio : M — > SL(Sym 2 £(6+ + 0_)) be the function given by pio(m) = a(m)T 10 ^^ m y 
Proposition 5.8. The function p w is a representation of M . 

Proof. For any P,Q 6 J[2](fc s ) there is a constant c(P,Q), given explicitly in [H Section 3.3], 
such that T^pT^Q = c(P,Q)T4,p + q. As also noted in [26l Section 4], these constants are such 
that for all P,Q £ J[2](fc s ) we have Tio,pPio,Q = e w (P, <9)T 10 ,p+q. We conclude that there 
is a representation T" — > SL(Sym 2 £(6+ + 6-)) given by (a, P) i— > aTio,p, where T" is as in 
Remark 15.71 The function pio is the composition of this representation and the homomorphism 
M — > T' of Remark 1 5. 71 so it is a representation as well. □ 

Remark 13.81 contains explicit equations for the morphism y — > X and its birational inverse. 
Together with Proposition 15. II this allows us to construct explicit equations for the action of J [2] 
on the model of y in P 5 (&i, . . . , be). These equations are too large to include here. From the 
corresponding action on the coordinate system {}pu}u, however, one would be able to see that the 
action is induced by the action of p 2 (L s )/p, 2 on V\ C P(L S ) through the inclusion e: J[2](fc s ) — > 
^{L?) / p 2 , cf- Remark l4.13l In Proposition [STTU] we prove this without heavy computations, using 
Section [4] instead of Proposition [5TTJ 

The isomorphism ry : y —>■ V\ given by m <—»■ bi of Definition 14.101 induces an isomorphism 



•y 



defined over k. The natural action of M C p-2(L s ) on L s is given by M — > Aut(L s ), a i— > m a as 
in Section |U The determinant of rh a equals the norm Np s /f. s (a) = 1 for a £ M. This yields an 
injective representation 



P6 : M^y SL^£ ^2(6+ + e_)-^F P JJ , a. 



o m a o (ry)~ 



Proposition 5.9. Por any a £ M i/ie eigenvalues of pe{a) are (ipu(oi))ueSi- Por a ±1 i/ie 
characteristic polynomial eguals (A + a(a)) (A — a(a)J . 

Proof. For each a; £ f2 the element y? w £ £ s is an eigenvector of rh a with eigenvalue v? w (a) £ /i 2 . 
The eigenvalues of pe(a) are the same as those of rh a . Suppose that a^il; exactly four of the 
eigenvalues equal —1 if and only if a(a) — 1, otherwise exactly two of the eigenvalues equal — 1. 
It follows that the characteristic polynomial is as claimed. □ 

Proposition 5.10. For any a £ M the automorphism Tp/ a ) on the model of y £ P J defined by 
£(2(6+ + e_)-£ p Pp) is induced by p 6 (a) £ Aut £(2(6+ + 9_) - £ P F P ). 

Proof. Take S £ J [2] (fc s ), and let P> £ J(k s ) \ J [2] (k s ) be represented by the divisor Pi + P 2 - P C - 
Write Pi = (sri, j/i), P 2 = (x 2 , y 2 ) and suppose that Pi, P 2 are not Weierstrass points and that x\ ^ 
x 2 . Let Md(A) be the unique cubic polynomial such that the curve y = Mp,{x) meets the curve 
given by y 2 — f{x) twice in Pi and P 2 and set £d — Mp>(X){X — a;i) _1 (A — a; 2 ) _1 £ £ s , where, by 
the usual abuse of notation, Mp,(X) refers to both the polynomial and its image in L s . Let Hp,(X) 
be the quadratic polynomial whose image in L s equals By the remark before Proposition ^. Ill 
the roots of Hp>(x) are the x-coordinates of the points Ri,R 2 with [(Pi) + (P 2 ) — Kc] = 2Pa 
Since 2P = 2(P + 5), the polynomials Hp, and Hp>+s have the same roots, so ^p> + g an d ^ differ 
by a constant factor. If D is general enough, then £p> and £,d+s are invertiblc in X s ; it follows 
that £,d+s/£,d is contained in the subset fc s * • p 2 (L s ) of L s * , and its image in L s * /k s * is therefore 
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contained in /i 2 (L s )/ fi2. We obtain a rational map J -~ » /i 2 (L s )//i 2 , D i— > £d+s/£\d S L s */k s *, 
depending on «S\ Since /it 2 (L s ) / /z 2 is discrete and J is connected, this map is constant with image 
{Cs}- Let Cfc : J[2](fc s ) — > /i 2 (L s )//z 2 be the map defined by Cfe('S') = Cs- From the equalities 

> £d+s+s" Cd+s+S' £\d+s > > 

Cs+S' = — ; = — ; • —z — = (,s> • Cs 

£d to+s ?d 

we find that Cfc is a homomorphism. By Proposition 14.111 the map rj of Definition 14.101 sends 
D to the image of £d in P(L S ). Suppose S ^ 0. Then for general D we have D + S ^ ±D, 
so rj(D) ^ rj{D + S), and therefore Cs = Cd+s/^d 1 in L B * /k B * . We conclude that Cfc is a 
Galois-equivariant injective homomorphism. We now show that Cfc coincides with e. 

Consider the field E = k(W\, . . . , We, Fq), where W\, . . . , We, F$ are independent transcen- 
dental elements over k, let K C B be the field generated by the coefficients of the polynomial 
F{X) = F 6 rii(^ - Wi) in X, and set A s = K S [X]/{F(X)). Thus Spec(i^) is the generic point of 
the space of polynomials over k of degree 6 and E is a splitting field over K of the universal poly- 
nomial F. Let J be the Jacobian of the universal curve given by y 2 = F(x). Apply the argument 
above with k, /, and L s replaced by K , F, and A s respectively to obtain a Galois-equivariant 
injective homomorphism Of : J[2](K S ) — > £i 2 (A s )//x 2 , and let e^: J"[2](AT S ) — > ^ 2 (A s )//u 2 be the 
analogue of e. The Galois group Gal(E/K) is isomorphic to the permutation group ©6 act- 
ing on {Wi,...,We}- Let Q £ J r [2](AT s ) be non-zero, represented by the pair {Wj,Wj}, and 
identify /i 2 (A s )/^ 2 with the group of partitions of {Wj., . . . , We} into two subsets. Since Ck is 
Galois-equivariant, the element Ck(Q) is identified with a partition fixed by the stabilizer of 
the pair {Wi,Wj}. The element Cif(Q) is non-trivial because Cr" is injective, so it follows that 
Ck(Q) 9 {WjjWj} and thus Qk{Q) — £k{Q)- We conclude that Cif coincides with ex on the 
generic point Spec(AT). Therefore, the analogous homomorphisms coincide on a Zariski dense 
open set of the space of polynomials over k. By continuity, Cfc and e coincide as well. 

We conclude that in (X s \ {0})/fc s * we have £ D+S = e(S) ■ £ D for all S £ J[2](fc s ) and all D in 
a dense open subset of J. Take any a 6 M. For a = ±1 the statement is trivial, so we assume 
a/±l and set P = /3(a), so P ^ 0. The image of a in /x 2 (L s )//x 2 is e(/3(a)) = e(-P), so identifying 
P(L S ) with {L s \ {0})/fc s *, we find 

rj(Tp(D)) = £ D+P = e{P)£ D = a • £ D = m a (^ D ) = m a (rj(D)) 

in (L s \ {0})/fc s * for all D £ J. Hence the automorphism of V\ induced by the action of Tp on J 
is induced by rh a £ Aut L s . Since tj is the composition of the rational quotient map J — * y and 
the isomorphism ry : y — ► V\, conjugation by ry and rj concludes the proof. □ 

Recall that £(2(8+ + 6_) - J2p f p) and Sym 2 £(9+ + 8_) can be viewed as subspaces of 
£(2(9+ + 6-)) (Propositions 13.21 and 13.61 and Remark 1 3. 4 p and we have 

(14) £(2(9+ + e_)) s £(2(e+ + e_) - J2 J7 >) ® s y m2 £ ( e + + e -)- 

p 

For convenience, we abbreviate £(2(9+ + 9_)) by £ from now on. Let p: M — > SL(£) be the 
representation p = pe ® Pio- 

Proposition 5.11. For a// m £ M the automorphism p(m) of C induces the automorphism 7/3( m ) 
on J C P 15 . 

Proof. First we show that there is a function x- M — > fc s * such that for all m £ M the automor- 
phism pe(m) © • Pio( m ) of £(2(9+ + 9_)) induces the automorphism on J C P 15 . 
For m = ±1 we have (3{m) = £ J[2](fc s ), while P6(™) = m ■ Id and pio(w) = m ■ Id, so we 
set x( z ' = l) = !• Assume m ^ ±1. The action of Tp on J is linear, so it is induced by a linear 
automorphism T of £(2(9+ + 9_)). Since multiplication by —1 on J commutes with translation 
by two-torsion points, the induced action of Tp on the function field sends even functions to even 
functions and odd functions to odd functions. We conclude that T induces linear transformations 
of the subspace Sym 2 £(9+ + 0_) of even functions and of the subspace £(2(0+ + 0_) — ^ p Fp) 
of odd functions. These linear transformations induce the action of Tp on X C P 9 and y C P 5 
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respectively, so up to constants they coincide with pio(m) and Pe(m) respectively by Proposi- 
tions 15.51 and 15.101 We conclude that there are c, d £ k s * such that T = d ■ pe(m) © c • p\o(m). 
After rescaling T we may assume d = 1, so there is a c such that T = pe{rn) ©c-pio(m) induces Tp. 
Set x( m ) = c ! this shows the existence of the function x as claimed. Note that for all m, m! £ M, 
both 

{p&{m) © x( m )pw( m )) ■ (P6(m') © x( m ')pw(m')) = p 6 (mm') © x( m )x( m> ) pw(mm') 

and pe(mm') © x( mm ')Pio( rnrn/ ) induce Tp( mm iy It follows that we have x( m )x( m ') — x{ mm ')i 
so x is a representation. Since x IS 1-dimensional, it corresponds to an element of Hom(Af, /i 2 ) = 

P2(L S )/p 2 - 

Set r = pe © (x ■ pio), so that for each m £ M the automorphism TW m ) on J is induced 
by r(m). Note that pe and pio are Gal(fc(Sl)/fc)-equivariant. For each a £ Gal(fc(f2)/fc) and 
m £ M the automorphism o~{Tpt m }) = TW^^-j) is induced by both <t(t(to)) and T(<j(m)), so r is 
also Gal(fc(£l)/fc)-equivariant, and therefore x 1S as well. If Gal(fc(f2)/fc) is isomorphic to the full 
permutation group ©6) then this implies that x is constant, and thus trivial. As in the proof of 
Proposition l5.101 this is the case at the generic point of the space of polynomials over k of degree 
6, therefore on a Zariski dense open subset of this space, and thus, by continuity, on the entire 
space. It follows that we have r = p and we are done. □ 

Since M is abelian of exponent 2, its only irreducible representations are characters into pi- We 
have already seen in Section [2] that the character group Hom(M,/Lt2) is isomorphic to piiL & ) I P>i- 
Therefore, over k s the representation p is the direct sum of 16 characters, corresponding to elements 
in p,2(L s )/ p2- In characteristic 0, standard computations allow us to decide which characters 
exactly. In positive characteristic the same works, as long as we lift the characters to modular 
characters in characteristic 0, cf. [2"2l Chapter 18]. 

Proposition 5.12. The representation p: M — > SL(£) is the direct sum of all characters of M 
that are not contained in e(J[2](k s )) 7 i.e., of all characters corresponding to the partitions of fl 
into two parts of odd size. The subrepresentation p$ is the direct sum of characters corresponding 
to partitions where one part consists of a single element. The subrepresentation p w is the direct 
sum of characters corresponding to partitions into two parts of size 3 . 

Proof. For any m £ M with m ^ ±1, the characteristic polynomial of pio(m) equals (A — 
a(m)) 6 (A + a(m)) 4 by Proposition 15.41 We find that the character yio, in case of character- 
istic 0, or the modular character xio associated to p as in [22l Chapter 18], in case of positive 
characteristic, is given by 



Let t be the direct sum of all ten characters of M in p2{L s )/ ' pi that are associated to partitions of 
il into two parts of size 3. The (modular) character associated to r is equal to xio- In characteristic 
0, a representation of a finite group is determined up to isomorphism by its character, so we find 
that p and r are isomorphic. In characteristic p > 0, a semisimple representation of a finite group 
whose order is not a multiple of p is determined up to isomorphism by its modular character by 
Brauer's Theorem (see [351 Section 18.2, Theorem 42, Corollary 1]). The representation pio is 
semisimple because M is a finite 2-group and the characteristic of k is different from 2, so we 
conclude that pio and r are isomorphic in positive characteristic as well. Similarly, the (modular) 
character X6 associated to pe is given by 



from which we deduce that pe is isomorphic to the direct sum of characters of M corresponding 
to partitions where one part consists of a single element. From p — p$ © pio we conclude that p 
is isomorphic to the direct sum of all characters corresponding to partitions into two odd parts. 




10a(m) if m = ±1, 
2a(m) if m =/= ±1. 




These are exactly the characters of M that are not contained in e(J[2](fc s )). 



□ 
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Remark 5.13. The argument for characteristic in the proof of the statement of Proposition [7. 1 2\ 
about piQ is from Michael Stoll j26t Section 4] . Michael Stoll deduces the result for positive char- 
acteristic from an explicit computation that we also perform in the next section. 

6. DlAGONALIZING THE ACTION BY THE TWO-TORSION SUBGROUP 

By Proposition 15.121 the representation p: M e — > SL(£) is the direct sum of all characters of 
M that are not contained in e(J[2](fc s )), i.e., the characters x with x(— 1) = — 1- These characters 
correspond to partitions of Q into two parts of odd size. Generically there are two Galois orbits, 
one consisting of ten partitions into parts of size 3, and one of six partitions of which one part 
contains only a single element. In this section we find an explicit Galois-invariant basis for £ with 
each basis element corresponding to a character of M, so that the action of M on £ is diagonal 
with respect to this basis. 

Note that Sym(£) is the homogeneous coordinate ring of P(£). For any nonnegative integer 
d, the vector space Sym d £ is generated by all elements g± * gi * • • • * g<± with gi, Q2, ■ ■ ■ , gd £ £ 
(for notation see the comment before Remark 13. 4ft . The action of [—1]* on £, mapping g(x) to 
g{—x) 1 induces an action on Sym(£) and we call g G Sym(£) even or odd if [—1]* fixes or negates 
g respectively. 

For each character x £ H2{L S )/ p,2 of M with — 1) = —1, choose a function c x £ £ so that 
p coincides on the space generated by c x with the character x- Until we make explicit choices, 
in Definitions 16.101 and I6.12[ we state some results that do not depend on these choices. By 
Proposition 15.121 such c x exist, are well defined up to a scalar, and form a basis of £. If n is the 
partition of f2 into two parts of odd size corresponding to x, then we also write c n — c x . We endow 
the coordinate ring Sym(£) with a /U2(£ s )//i2-grading where the weight of c x is x- The grading 
does not depend on the choice of the c x . For x £ fJ>2(L 8 )/ fJ,2, we let (Sym(£)) x denote the subspace 
of homogeneous elements of weight xi f° r an y positive integer d, we set C x — (Sym(£)) x nSym d £, 
and we let 4f+ and £^_ denote the subspaces of £^ of even and odd elements respectively. 

Proposition 6.1. For any x £ H2{L S )/ H2 and any nonnegative integer d we have decompositions 

c{ d) = 4 d V © 4 d) - and 

Syrn^ 4«0* (4>4 d L). 

Xe/J2(i s )//J2 XeM2(i s )//J2 

Proof. The monomials of degree d in {c x } x g A12 (L B )/^ 2 f° rrn an unordered basis of Sym d £ as a 
k- vector space. By Proposition 15.121 these monomials are eigenfunctions for [—1]*. It is also clear 
that all these monomials are homogeneous with respect to the grading by p,2(L s )/ P2, so the various 
decompositions follow. □ 

Proposition 6.2. For any x £ / i 2(£ s )/M2 cind any nonnegative integer d, the representation 
Sym d p: M — > GL(Sym d £) acts as multiplication by x on the subspace C Sym d £, i.e., for 
each m £ M and each x £ we have (Sym d p) (to) (x) — x( m ) • x - 

Proof. By definition, the space is generated by elements g = g\ * g2 * • • • * gd with gi of degree 
Xi for some Xi £ l^2(L s ) / P-2 and Yii=i Xi — X- For any to £ M we then have 

(Sym d p)(m)(g) = p(m)(g 1 ) p(m)(g d ) = X1M.91 * ••• *Xd(m)g d 

= • • • Xd(m)) ■ {gi * ■ ■ ■ * gd) = xH • g- 

It follows that we have (Sym d p)(m)(x) = x( m ) ' x i f° r au x £ £-x^ an d 171 £ M. □ 

Proposition 6.3. The representation Sym 2 p: M — > GL(Sym 2 £) has kernel p>2 o,nd induces a 
representation from the quotient M//12 = J[2](fc s ) to SL(Sym £). 

Proof. For any m^±l the characteristic polynomial of p{m) equals (A 2 — l) 8 by Propositions [53] 
and !5.9l It follows that Sym 2 p(m) has 64 of its eigenvalues equal to —1 and 72 of them equal to 1, so 
detSym p(m) = 1 and we find Sym pirn) £ SL(Sym £). By Proposition [S.121 the representation 
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p is the direct sum of characters x of M not contained in e(J[2](k s )). For any two such characters 
Xi,X2 we have (xi®X2)(-l) = Xi(-1)-X2(-1) = (- 1 ) 2 = !• This implies = Id, so p 2 is 

contained in the kernel of p®p: M — > £®£ and therefore also in the kernel of the subrepresentation 
Sym 2 p. Therefore, Sym 2 p induces a representation p^ : J[2](fc s ) — * SL(Sym 2 £). □ 

Definition 6.4. Lef p( 2 ) denote the representation J[2](fc s ) — » SL(Sym 2 £) induced by Sym 2 p. 

Definition 6.5. For P G J[2](fc s ) we set £p = CfX,-, and £p' ± = -C^p) ± iirci/i e as in Section^ 

Recall that J[2](k s ) is self-dual through the perfect pairing J[2](fc s ) x J[2](fc s ) — » /12 described 
in Section[2] which coincides with the Weil pairing. For each P G J[2](fc s ), let xp : >^[2](fc s ) — > p 2 
denote the corresponding character. 

Proposition 6.6. For P G J[2](k s ), the representation p (2) : J[2](fc s ) — > SL(Sym 2 £) acts as 
multiplication by \P on the subspace Cp C Sym 2 £, i.e., /or eac/i F £ J[2](fc s ) and eac/i a; G 
we have p^(R)(x) = Xp(-R) ' x - 

Proof. The representations Sym 2 p: M -> GL(Sym 2 £) and p^> : J[2](fc s ) -> SL(Sym 2 £) are re- 
lated by Sym 2 p = o /3 according to Proposition 16.31 with /3: M — * J[2](k s ) as in Section^ 
Take P G J[2](fc s ). The character e(P) G p, 2 (L s )/p 2 of M equals \p P- For any g G 4^ and 
any i? G J[2](fc s ) we choose m G M such that /3(m) = i? and we hnd 

p {2) (R)(x) = pW(J3(m))(x) = (Sym 2 p){m){x) = (e(P))(m) • x = x P (/J(m)) • 1 = Xp(R) • a;. 
This proves the proposition. □ 

Proposition 6.7. TTie spaces Cp\ are p' 2 ' -invariant and we have 

Sym 2 £= (4 2 >£^). 
PeJp] 

We have dhnC^\_ — 16, dim£^ 2 l_ = and dim£p^_ = dim£p^_ = 4 for nonzero P G J[2]. 
(2) 

Furthermore, C a + is generated by {c^ *c K } 7T . For nonzero P G J[2](k s ), corresponding to the pair 
(2) (2) 

{uii,u>2}, the spaces C P + and C P _ are generated by 

{Cu> x * C^ 2 } U {cg^ui! * c gi g 2UJ2 : 9%, 6 2 G O \ {w\, u 2 }, 0% ± 62} 

and 

{cg*c Ulul2 g : 9 G O \ {wi, w 2 }} 
respectively, where in the subscript of c n the partition tt is abbreviated by the list of elements in 
one of the two parts. 

Proof. The spaces Cp ± are p^ -invariant by Proposition 16.61 The /i2(i s )//i 2 -grading on Sym(£) 
takes values on C that are all outside e(J[2](fc s )). The product of any two such elements is 

(2) 

contained in e(J[2](fc s )), so for any x G p 2 {L s )/p 2 with \ g 1 e(J[2](fc s )) we have C x — 0. From 
Proposition 16.11 we conclude 

Sym 2 /- 4 2 )= C f* (^>4?_). 

X €e(J[2](fcB)) Pe./[2](fc=) PeJ[2](k°) 

We identify p 2 (L s )/p 2 with the group of partitions of fl into two parts, and J[2](fc s ) with the 
subgroup of partitions into parts of even size. For any partitions tt, tt' into odd parts the weight 
in p 2 (L s )/p 2 of the monomial * cv is the weight associated to the partition tt ■tt', where the 
multiplication tt ■ tt' is induced by the multiplication in the group 5 of subsets of Q, namely by 

(2) 

taking symmetric differences. It follows that indeed * is contained in C a + for each tt. For 
nonzero P corresponding to the pair {oji,uj 2 } it also follows that the elements that are claimed 

(2) (2) (2) 

to generate C P + and C P _ are indeed contained in C p . The fact that their parity is as claimed 
follows from Proposition 15.121 which says that is even if tt has two parts of size 3 and odd if 
one part of tt consists of a single element. It follows that the claimed dimensions are at least a 
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lower bound for the dimensions. As the dimensions have to add up to 136, we find that the lower 
bounds are exact and that the spaces are indeed generated as claimed. □ 

Note that Sym(£) is the homogeneous coordinate ring of P(£). The ideal I C Sym(£) of J is 
generated by 72 quadratic forms described in Section [3l Set X = I2 =1(1 Sym 2 C, so that X is the 
72-dimensional subspace of Sym 2 C of quadratic forms that vanish on J. In other words, X is the 
kernel of the map Sym 2 C -> £(4(9+ +6_)) that sends g*h to gh. Note that X is a p (2) (J[2](fc s ))- 
invariant subspace of Sym 2 C because J C P 15 is J[2](fc s )-invariant. Set 2p,± = X n £p+ for any 
point P G J[2](fc s ) and every sign. 

Proposition 6.8. The spaces 2p,± are p^ -invariant and we have 

1=0 (X P , + @X P ,.). 
PeJ[2] 

We have dimX 0i+ = 12, dimX _ = and dim2p + = dimZp^ = 2 for nonzero P G J[2]. The 
representation p^ induces a representation a: J[2](fc s ) — > SL(I). 

Proof. The spaces 2p,± = ln £p± are p( 2 )-invariant because X and the spaces Cp ± are. For any 
5 G X C Sym 2 £ we can write 5 = ^ Pe / j 2 j(5p + +5p_) with 5p± G £p j_. Set gp = gp !+ + <?p,- G 
Take any Q G J[2](fc s ). Then we have 

£ p (2 \R){9)- E /» (a) (*)(ff) 

PGker xq P^ker XQ 

= E E p (2) (i?)(. 9 p)- E E p (2) w(5p) 

PGker X Q PG J[2] P^kcr XQ Pe,/[2] 

= E f E xp(i?).9p- E xp(R)gp 

PG./[2] \P£kcr XQ P^kerxq 

= E f E xq(R)xp(R)\ 9P = E f E Xp+q(#) I SP = 16g Q , 
Pe./[2] \pgJ[2] J Pe.J[2] \ReJ[2] J 

where the last identity follows from the fact that for any P ^ Q the character xp+Q is nontrivial, 
so we have J2nej[2] Xp+q{R) — ( see Section VI. 1, Proposition 4]). Since X is p^-invariant, 
we conclude gQ G X. As we have gQ t ±(x) = \{gQ(x) ± <7q(— x)), we find gq,±{x) G X, and thus 
9Q,±(x) G 1q,±- This holds for all Q, so we get X)qgJ[2] Pq.+ + ^Q,-) = ^- Since all subspaces in 
this sum intersect trivially, the sum is a direct sum, which proves the first statement. In Section[3] 
we saw that the subspace of odd vanishing quadratic forms has dimension 30. This means that 
X/Pej[2] dimZp_ = 30. From dim2o,_ = and symmetry we conclude dim2p_ = 2 for nonzero 
P G J [2]. Set a = dim2o j+ and 6 = dim2p !+ for any nonzero P G J [2]. Then by symmetry we 
have b = dim2p + for all nonzero P G J [2]. We get a + 156 = J2peJ[2] dim2p + = 72 — 30 = 42. 

(2) 

From o, b > and a < dim£ |. = 16, we find a = 12 and 6 = 2. For any P, Q G J[2](k s ) and any 
sign, the eigenvalues of p^ (Q) on Ip± are all the same and in p2\ because the dimension dimXp^± 
is even, the determinant of p^(Q) restricted to 2p,± equals 1. It follows that detp( 2 )(Q) = 1 for 
all Q G J[2](k B ) so p^(Q) G SL(X). □ 

Corollary 6.9. The ideal I C Sym(£) of J is homogeneous with respect to the p2(L s ) / P2- grading. 



Proof. From Proposition 16.81 it follows that X can be generated by homogeneous elements. Since 
X generates /, it follows that also the ideal I can be generated by homogeneous elements, which 
proves that I is homogeneous. □ 

We are now ready to make everything explicit, including the choices of the c^. However, instead 
of choosing a function G C for each partition of f2 into two parts of odd size as in Proposition ^. 71 
we choose a function cj for each subset I C of size 1 or 3 such that cj = — cqw if / has size 3. 
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To obtain an explicit function for each partition 7r = {711,7^} one could choose a part 7Tj with 
#77^ G {1,3} and set = c^ i . As in Proposition 16. 71 we often abbreviate the set / in the index 
by the list of its elements. 

Definition 6.10. For all lo G f2 define an element c w G C(2(Q + + 0_ )) so that for all j G 
{1, . . . , 6} the relation bj — u c u holds. 

Note that {c w } u is an unordered basis for £(2(9 + + 9_) — YlpFp)' as the transformation 
matrix from it, with any order, to the basis (61, . . . , 6g) is a Vandermonde matrix with nonzero 
determinant. 

Lemma 6.11. We have TyiTp^) = f§c u for the isomorphism : k{V\) — > fc(30 induced by ry. 
Proof. The polynomial P w = Il960\{w}(^ — ^) horn Section 0] satisfies 

j=0 j'=0 t=l i=l 

This relation between the unordered basis of L s and the basis (51, . . . , g$) induces a relation 

between their dual bases of L s , namely febj — £ 4) u ,_1 ^ lll . Applying ry, we obtain f$Vj = 
f6 r y{bj) = J2uj LU ''~ lr y( 1 ?Lj)- From the definition of c w we conclude ry(lp u ) = c u . □ 

The following functions, up to a constant factor, were also used by Michael Stoll [26j Section 10]. 
Definition 6.12. For any subset I C O mt/i #1 — 3, /ef c/ be defined by 

* nnw-4 ci= 5Z 

\u€/*e!)\7 / l<j<j<4 

An = O2O3T1T2 + (4(Ti(T3 - erf)TiT 3 - o-i(73r| + (<Ticr 2 - 03)7273 + 0-3X2 + (7 2 t^ - (T2C3T3, 
A12 = -403T1T3 + 2(T 3 r| - 2er 2 T2T 3 - 2cr 2 cr 3 r2 + (-Aaia 3 + 2a 2 )T 3 , 
A13 = 2cr 2 TiT3 + 2er 2 CT3Ti + 2criT 2 T 3 + 2criCr 3 T2 - 2t| + 4cr 3 r 3 - 2cr|, 

Au = 2/ f r 1 (cr 3 ri + <7it 3 ), 

A22 = —0-3X1X2 + O2T1T3 + 0-10-3X2 + (—0-1(72 + 403)r 3 , 

A23 = 2037-1 - 2o-iTit 3 - 20-10-3T1 - 4o- 3 r 2 + (2af - 4o- 2 )r 3 , 
A24 = -2/ 6 - 1 (t 3 + o- 3 ), 

A33 = -0- 2 tI + CT1T1T2 + TlT 3 + (O"! 0- 2 - 0-3)71 + (-of + 4o- 2 )t2 - CT1T3 + CT1O3, 

A34 = 2/ 6 - 1 (t 2 + o- 2 ), 

A44 = fff 2 , 

where o~i — o~i(I) and Ti = Ti(T) are the i-th elementary symmetric polynomials in the elements of 
I and respectively. 

Note that for all i,j G {1,2,3,4} with i < j and all I C f2 with #1 = 3 we have Ay(J) = 
Aij(Sl \ I), while the coefficient Jl^e/ Y[ipen\i( t l J ~ w ) 01 c i m Definition 16. 121 is negated when we 
replace I by fi \ J. We conclude that cj + cm j = for all I. The c/ generate Sym 2 £(0+ + 0_). 
More precisely, we have the following statement. 
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Proposition 6.13. For all i,j with 1 < i < j < 4 we have kij = J2i K ij{I) c i with 





1 ? 




«12 


= 02, 




«13 


= 0-3, 




«14 


= /6(o-lTiT 3 


+ 2o 2 t 3 + a 3 Ti), 


«22 


= a%r\ + as 




«23 


= 03T1, 




«24 


= /6(< J ir 2 r 3 


+ O2T1T3 + of), 


^33 


= 0-3X2, 




K34 


= /e (0-3X3 + 


0-2T2T3 + 20-3T1T3), 


K44 


= /I ( CT lO-2T2T 3 + 4crJcr3riT3 + 0-iO 2 O 3 riT2 



+ o\GzT\t1 + 3oio 3 r2r 3 + o\t{tz + \020-1T2 + <±o\tz + o- 3 tit 2 t 3 ), 



where <7i — o~i (I) and Ti — Ti (J) are as in Definition \6.12\ 

Proof. Choose 10 subsets I\, . . . , Iio C 17 with #I r = 3 for all r, so that every partition of 17 in 
two parts of size 3 contains one of I\ , . . . , Iio . Let G be the matrix whose r-th row is 

II i^-^y 1 ) '( Au(J,-) A u (J r ) Ai 3 (/r) ■•• A 44 (/ r )), 

that is, the entries of G in the r-th row are the coefficients of cj r with respect to the basis 
(fcn, fc 12 , . . . , fc 4 4). Then the r-th column of G~ 1 is 

/ K n (I r ) - Kn(n \ I r ) \ 

Kl 2 (/ r ) ~ K 12 (il \ ^r) 

\ Ka{ir) - k 44 (17 \ / r ) / 

and its rows give the coefficients of the kij in terms of the basis (cj 15 . . . , c/ 10 ). We therefore have 

= ^r=i( K ij(^) — K ij(^ \ Ir))ci r = X]j K ij{I) c ii where the last sum is over all subset JcS! 
with #7 = 3. ~" □ 

For any set I C 17 we let xi G H2{L s )/p,2 be the character of M associated to the partition 
7r = {/, 17 \ /}. If jfl is even, then /i2 is contained in the kernel of xi an d the induced character of 
J[2](k s ) equals Xp where e(P) — it and xp is defined just before Proposition l6.6l Recall that S is 
the group of all subsets of 17. For any set R C S of representatives of all partitions of 17 into two 
parts of size 3, the set {cr : / € -R} is an unordered basis for Sym 2 £(9+ + 0_); the following 
proposition says that, with respect to the unordered basis {cj : Iefl}U{c u : weO}of£, the 
representation p is diagonal. 

Proposition 6.14. Let I C be a subset of size 1 or 3. Then for each a G M we have p(a)(cj) = 
Xi{a)ci. 

Proof. For a = ±1 the action of /5(a) on C is given by multiplication by ±1, so the statement is 
trivial. Suppose that a ^ ±1. First assume I = {u>} for some u € 17 so that cj = c w = /eT 1 ^^,) 
by Proposition 16 . 1 ll Then we have 

p(a)(ci) = p 6 (a)(ci) = {r* y om a o (rj)" 1 )^/) = U X ry{m a {Xp u )) 

= /6~V^(a)rJ(^J = <^(a)ci = X/(a)c/- 
Now assume = 3. Recall that we have a perfect pairing 5 x 5 — > /i 2 on the group S of 
all subsets of 17 given by {Iijh) | — ► (^1 : ^2) = (~ l) r with r = (~l 12), and that the map 
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e: M — > M. C 5 associates to each m G M a subset of of even size. We have Xii a ) = ( e (°) : -0- 
Let vi denote the vector 

Vl = (\u{Ir) Ai 2 (J r ) Ai 3 (J r ) ••• A44(J r ) ) 

with Xij as in Definition 16. 121 Set P = (3(a) ^ and let {wi,w 2 } be the pair of roots defining P, 
so that fl \ {oji,u>2} = e(a(a) ■ a). With a computer algebra system it is easy to check that vj is 
an eigenvector on the left of the symmetric square M p ' of the matrix Mp as in Proposition 15.11 
In fact, for M' = Res(g , h)- 1 M p 2) with g, h as in Proposition 15. II as well, we have 

Vi ■ M' = (O \ {lui, uj 2 } :/)•«/= (e(a(a) • a) : I) • Vj = a(a)(e(a) : I) - Vi = a(a)xi(a) ■ vj. 

Since the action of T^ p is given by multiplication from the right by Mp by Proposition 15.11 the 
action of T\q p is given by multiplication by M' from the right. Up to a scalar, the entries of 
vi are the coefficients of cj with respect to the basis (kn,ki2, . . . ,^44), so we find Tio,p(cj) = 
Oi[a)xi{a) ■ c/. We therefore get p(a)(cj) = p w (a)(ci) = a(a)T 10 ,p(c 7 ) = x/(a) • c/. □ 

For each P G J[2](/c s ) and each sign we now give quadratic forms that generate the subspace 

(2) " 
£p ± . All together these generate the ideal defining J in P(£). The reason for defining functions 

cj for each / C 51 of size 3 with a = —cq\i, rather than defining a function for each partition into 

two parts of size 3, is that the quadratic forms are simpler if written in terms of the c/. For each 

quadratic form we make choices whether to use ci or cm/ for several /. It is worth checking that 

the quadratic forms obtained from different choices generate the same subspace. 

(2) 

Take any nonzero P G J{2](k s ), corresponding to the pair {u!i,u> 2 }- Then £ P _ is generated by 
the monomials eg * c^ iu] . 2 e for 6 g" {oji,^} by Proposition 16.71 From the discussion around ([5]) in 
Section [3] we know that for each I G {0, 1} the quadratic form Q^i = knb 3+ i — ki 2 b 2 +i + ^13^1+; 
is contained in X C I. By Proposition 16.81 the projection of Q^i to C P _ is also contained in X. 
From bj = ^ w c w and k\j = aj(I)ci for 1 < j < 3, we find that this projection equals 

feK({^l,W2})-T„({S,W 1 , W2 }))e 3+i -' , j Cg^C^e 
6^ui,U2 \n=l / 

(15) = K II ( -m cB*<W»fl- 



By Proposition ^. 81 we have dimZp._ = 2, so the quadratic forms in (fT5|) for I — 0, 1 generate Xp t . 
By Proposition 16.71 the space C P+ is generated by the monomials c Wl * c W2 and cg l g 2UJl * cg x g 2i 
for 61,62 ^ u)i, uj 2 and 6\ ^ 6 2 - The projection of \(k\ 2 — knk 22 ) G X to £p + equals 



(16) £ 1,(70 

where the sum ranges over all three partitions of Q \ {lui,lj 2 } into two sets of cardinality 2 and 
i/(tt) = (fli -Vi) (6»i - ^ 2 ) (0 2 -ipi){6 2 -1P2) for7T = {{6 1 ,6 2 },{^ 1 ,ip2}}- From Proposition ES we 
conclude that the quadratic form ([To]) is contained in2p.+ . Write f = gh with g = X 2 +giX +go = 
(X-0Ji)(X-LJ2) and h = h A X A + h 3 X 3 + h 2 X 2 +hiX + h a , and set A = 2h 2 + h 3 g 1 -g\ + 2g . Let 
Q denote the right-hand side of the first equation in {7J. Then we have \(2{b\ — Q) + f&\{k 2 2 — 

knk 22 )) G X. The projection of this quadratic form to C p \ equals 

(17) + U- "WW* + Wi+^2) 

T={{«l,9a}.Wi)^a}} 



By Proposition 16.81 this projection is contained in Xp :+ . Again by Proposition 16.81 we have 
dim2p !+ = 2, so the quadratic forms in (fTo]) and ([TT)) generate Xp,+ . 
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For T + we do not have generators that are as simple as those in ([15]) , (fllj]) . and (jTTJ) . The 
only simple quadratic forms in 2o,+ that we know are 



(is) y^x^c 



■2 



for j — 0, 1,2. By Lemma T6 . 1 1 1 these correspond to in Proposition 14.61 Six quadratic forms 

2) 



that give a basis for T ,+ H Sym 2 £(9+ + 9_) arc the projections to £q 2 + f ^ ne quadratic forms 



ti = 



k\ 2 - knk 22 , ki 2 ki 3 - fciifc 23 , k\ 3 - k Y \k 33l k X3 k 23 - ki 2 k 33 , k\ 3 - k 22 k 33 , and the quadric g x 
in lU that defines the model of X inside the 2-uple embedding of P 3 into P 9 . The first five of 
these quadrics together with the 15 quadrics (fl6|) for all nonzero P £ J[2](k s ) define the 2-uple 
embedding of P 3 into P 9 . The whole subspace Io,+ is generated by these nine quadrics and the 
projections to £q + of the differences of the left- and right-hand side of the equations in j7])- This 
concludes the description of generators for all subspaces Tp^±. Explicit formulas are given in 
Appendix [A] 

7. The twists of the Jacobian 

Let £ e H X (J[2]) be contained in the kernel P 1 ^! 2 ]) of th e map T: H^Jp]) -> Br(fc)[2] as 
defined in Section [2] In this section we determine explicitly a two-covering A of J whose fc- 
isomorphism class corresponds to £. The kernel of T equals the image of the map /?* : H (M) — > 
H 1 (J[2]) by the exactness of the left vertical sequence in Diagram (f2|). Let £ S H 1 (M) be a lift of 
£ under By Proposition 12.61 there are elements e € L s , 6 £ L* and rt € k* such that e 2 = S, 
N L s/ k s(£) — n, and the class £ is represented by the cocycle a i— > a(e)/e. For all cj € SI we write 
£w = and <5w = ¥>w(^), so that e 2 = and J\ u — n. For any subset I C ft of cardinality 

1 or 3, set 

£w if #1 = 1, 

ELe/ 6 ^ +IL.en\i £ " if #1 = 3. 
We assume that for all I C SI with j^I = 3 we have that tj is non-zero; if the field k is infinite, 
then it is easy to see that this can be achieved by choosing carefully e, S and n representing the 
class £. Let g: P(£) — > P(£) be the linear automorphism induced by the linear map g* : C — > £ 
given by cj i— > i/ ■ c/. Note that the action on £ is well defined, as ij = £j^\ / for any / C SI with 
#1 = 3. Even in the case e = 6 = n = 1 the automorphism g is not the identity though this can 
be arranged by replacing tj by ^tj for J with = 3 throughout the rest of the paper. For each 
positive integer d, the automorphism g* extends naturally to an automorphism of the fc s -vector 
space Sym d £, which we also denote by g* . Note that g* preserves the /x 2 (L s )/^2-grading. Recall 
that for any subset I C S7 we have a character \i G l^2{L s )/ ' [l 2 defined just before Proposition ^. 141 

Lemma 7.1. For any I C SI and any Galois automorphism a G Gal(fc s /fc) we have 

we/ we/ 
/// ftas cardinality 1 or 3, i/ien we have 

ta(i) = X<r(/) (o-(e)/e) • o-(t/), 
°"(s*(c/)) = x<r(/) (o-(e)/e) •0*(<j( c /))- 

Proof. Let to = cr(e)/e and Jo = £ ^ : £ CT (w) = — = <7 _1 (e(m)) and set r = #(/ n 7o). 

Thus we have Xa(i)( m ) = (°"(-0 : e ( m )) = {I '■ (T ~ 1 ( e ( m ))) = : ^o) = ( — l) r an d similarly 
Xn\a(l)( m ) — (— l) 6_r = (— l) r - By definition of Iq we have 

n £ °-m = n ^^w) = • ct ( n ^ 

we/ we/ we/ 

and the first part of the lemma is proved. The second equality follows immediately from the 
definition oft/. We then have a(g*(ci)) = a(ti)a(ci) = Xa(i) (™)i CT (/)C cr (/) = Xa(i)(m)g*(a(ci)), 
which proves the last equality. □ 
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Let be the surface g _1 (J) where J is embedded in F(C) as before. Then g restricts to an 
isomorphism — > J, defined over k s , which we also denote by g. Note that A^ depends on the 
choice of 5, n, and e. 

Proposition 7.2. The surface A^ is defined over k. 

Proof. Take any P G J[2](fc s ) and set % = £ (P) € ^2{L s )/^ 2 - Let 2i,.7_ C O be subsets of odd 

(21 (21 

cardinality such that cj. * cj 2 G £p — C x ' . For j = 1, 2, set Xj = Xij e A t 2(i s )/A t 2, so that 
has weight Xj and c/ x * c/ 2 has weight X1X2 = X- Set m — a{e)/e. Let cr G Gal(fc s /fc) be any 
Galois automorphism. From Lemma l7.ll we find 

(19) cr(g*(c Il * cj 2 )) = (7(3*^)) * cr(ff*(c/ 2 )) 

= o'(Xi)Mff*(o-(cj I )) * cr(x 2 )M5*(c r (c/ 2 )) = cr(x)M5*(c r (c/ 1 * c/ 2 )). 
( 2) 

Since ct(x)(to) only depends on cr and P, and C p is generated by monomials by Proposition 16.11 

we find a(g*(q)) = cr(x)M ■ 9*{cr(q)) = ±g*{a{qj) for each q G £ { p } . Set E = {q : q G 
Ip for some P}. The set E generates the ideal I that defines the Jacobian J, so the set g*(E) 
generates the ideal that defines A^. Since J is defined over k, we have a(E) = E from Proposi- 
tion [6THJ We therefore have 

g*(E)=g*(o-(E)) = {g*(o-(q)) : q G E} = {±a(g*(q)) : q £ E} = a(g*(E)). 

We conclude that the ideal that defines A^, which is generated by g*(E), is Galois invariant. By 
descent this implies that A^ is defined over k. □ 



We can make Proposition l7.2l cxplicit and give a Galois-invariant set of quadratic forms defining 
Af, each defined over fc(fi). We have 

tj= Y[S U + [] ^ + 2 « (#^ = 3), 

we/ wen\i 

where in the third identity and ^2 denote the two roots in fi\ _<->2, 0i, 82}- Note that n G k 

and for each w we have 5 U G fc(O). This implies t| G A;(0) for each J with G {1,3}. Since 

f 2) 

£ is generated by square monomials cj * cj, we find that g*[q) is defined over fc(O) for each 
q E To that is itself defined over fe(fi). As before it is not worth writing this down here for a set 
of generators of Tq except for q as in (fT5)) , in which case we get 

(20) 9*(q)=J2 u,jX " S « c l- 

■orrespon 

defined over /c(O) the quadratic form £j 1 £j 1 <?*(c/) is defined over fc(fi). Applying this to ([15 

_____ " {<2\ 

(HHJ), and (H7]), we find that the intersection of the ideal of A$ with C p is generated by 

(21) y W^ e ~ ^ ) + "CO ' c * * c ^<> ( l = °< !)' 

(22) J] + + »(C + O) 

w={{ei,fl a },Wi>2}} 



Suppose P € J[2](/c s ) is nonzero and corresponds to the pair {cji,^}. Then for each q E £p 
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(23) c wi * c W2 + 

^ = {{9l,9 2 },{01,V2}} 

Proposition 7.3. For any Galois automorphism a G Gal(fc s /fc) there is a unique point P(cr) G 
J[2](fc s ) such that goa(g) = Tp(a) in Aut J. T/ie dass £ G H 1 (J[2]) is represented by the cocycle 
a i-> P(cr). 

Proof. Set P(ct) = 0{<r{e)/e) for all cr G Gal(fc s /fc). By Proposition ED2 the class f G H^M) 
is represented by the cocycle cr i— > a(e)/s, so £ G H 1 (J[2]) is represented by the cocycle cr i— > 
(3(a(e)/e) = P{o~). Fix any Galois automorphism cr G Gal(fc s /fc) and set m — a(e)/e. Then 
(3(m) = P(a), so the translation Tp( CT ) on J c P 15 is induced by the automorphism p(m) G SL(£) 
by Proposition 15. Ill Take any subset / C O with #/ G {1,3}. Then by Proposition 16.141 and 
Lemma 17. II we have 

0"O*)(o"(c/)) = o-(5*(c/)) = X<r(z)(w)g*(cr(cj)) = flf*(x<r(z)(m)cr(ci)) = 3*(p(m)(cr(c/))). 

This holds for all /, so we get (<? -1 )* o <j(g*) = p(jn). From m 2 = 1 we get p(m) = p(m)" 1 , so we 
have p(m) = a(g~ 1 )* o g* and thus p(m) induces the automorphism g°o-(g~ l ) on J. We conclude 
Tp( CT ) = g o cr(<7 _1 ). Clearly there is at most one point P such that Tp = go a(g~ l ), so uniqueness 
follows. □ 

Let tt: A% — > J denote the composition 7r = [2] o c/. We are now ready to prove our main result. 

Theorem 7.4. The map tt endows Aj with the structure of a two-covering of J whose isomorphism 
class corresponds to the cocycle class £. 

Proof. Let a G G&\(k s /k) be any Galois automorphism. By Proposition l7. 31 there is a unique point 
P G J[2](/c s ) such that g o o-(g)' 1 = T P , so a(g) = T P og. Then 

ct(tt) = ct([2]) o a(g) = [2] oT P o S = [2] o g = tt, 

because [2] o Tp = [2] as 2P = 0. This holds for all cr, so tt is defined over k. Also A^ is defined 
over k by Proposition 17.21 There is an isomorphism g: (A^)^ — > such that 7r = [2] o g, so 
7r endows A^ with the structure of a two-covering of J. By Lemma \2. 141 and Proposition 17.31 its 
^-isomorphism class corresponds to the cocycle class £. □ 

Recall that for any two-covering (A, tt) of J the isomorphism h : A^ — > Jk s is well defined 
up to translation Tp by a two-torsion point P (Lemma I2.13[) . Since multiplication by —1 on J 
commutes with Tp, there is a well-defined involution i: A — » A, a; i— » h^ 1 (—h(x)) of A, defined 
over fc. On our two-covering this involution is given by negating all six coordinates c u . The 
quotient <Ya is the projection of Aj onto the 10 coordinates cj for all / C with = 3. This 
quotient is isomorphic to X over fc s . The projection y§ of A^ onto the coordinates c w for all to is 
isomorphic to the blow-up of X$ in its 16 singular points. The surface y$ is the vanishing set of 
the three quadratic forms given in ([20|) . These correspond to the polynomials Q\\ Q% in 
Proposition ^. 61 This shows that the blow-up y$ of the quotient X$ of the twist A^ of the Jacobian 
J is isomorphic to the twist V$ of the blow-up y of the quotient X of J. 

Appendix A. Generators for X ,+ 

Choose a set S of ten subsets of f2, each of cardinality 3, such that for each partition tt = 
{^li ^2} G 3/(f2) of f2 into two parts of cardinality 3 there is a unique clement of S, denoted I v , 
with G 7r. For each partition tt = {711, 7^} G S/(f2) with #71"! = jfir^ = 3 we set = Cj w ; for 
all integers i,j with 1 < i < j < 4 we set 

with Kij as in Proposition 16.131 Note that cv and pij (tt) depend on the choice of S, but their 
product p,ij(ir)c n , as well as c w * and Pi 1 j 1 (Tr) ■ pi 2 j 2 ( 7r ) f° r an y *'ii Ji,*2,j2 do not, and we can 
write 

% = XI W C7r 



.">2 



E. VICTOR FLYNN, DAMIANO TESTA, AND RONALD VAN LUIJK 



unambiguously, where ir runs over all partitions of £1 into two parts of cardinality 3. 

As mentioned at the end of Section [5J the space 2q,+ H Sym 2 £(0+ + 0_) is generated by the 

projection onto £ 2 + of the quadratic forms k\ 2 — k\\k-xi^ ^12^13 — ^11^23, ^13 — fcii&33, &13&23 — 
^12^33, ^23 — ^22^33, and the quadric gx in © that defines the model of X inside the 2-uple 
embedding of P 3 into P 9 . These projections are 

TT 

^2(^12^) fll3(Tr) - Mil WM23(7r)) 

7T 

^(MwW 2 - Mil WM33(tt)) 

7T 

X](Ml3(7r)/i23(7T) - Ml2(7r)M33(7r)) 

7T 

X^sM ~ ^(Tr)/^^)) * CV, 

TT 

^^x(tt) c w *c 7r , 

7T 

with 

l^x =(-4/o/2 + /i 2 )Mii ~ 4/0/3M11M12 - 2/1/3M11M13 - 4/o/xu/ii4 - 4/o/4Mi2+ 

(4/o/5 ~ 4/ 1 / 4 )/Xl2/Xl3 ~ 2/1M11M24 + (-4/o/6 + 2/i/5 - 4/ 2 /4 + / 3 2 )Ml3- 

4/2M11M34 - 4/0/5M12M22 + (8/o/e - 4/i/ 5 )/ii3/i22 + (4/i/e - 4/2/5)^13^23- 

2/3M13M24 - 2/3/5^13^33 - 4/4^13^34 - 4^14^34 - 4/o/6M22 - 4/i/ 6 ^22M23- 
(24) 4/2/6^23 + M24 - 4/ 3 /eM23M33 - 2/5^23^34 + (-4/4/6 + /5 2 )M33 - 4/6M33M34, 

and where 7r runs again over all partitions of f2 into two parts of size 3. The three quadratic forms 
(25) 

for j = 0,1,2, mentioned in (|18[) . are also contained in 2o,+- The 12-dimensional space 2o,+ is 
generated by these 9 quadratic forms and the projection onto £ Q 2 ^_ of the forms given in ([7|). These 
projections are 

for r = 0, . . . , 6 respectively, with 

= /2MH + /3M11M12 + M11M14 + /6M11M33 + /4M12 - /5M12M13 + /5M12M22 - 2/ 6 ^ii3^22 + /6/421 
2^1 = -/lMll + /3M11M13 + 2/4M11M23 + M11M24 - /5M11M33 - 2/ 6 Ml2M33 + 2/5M13M22 + 2/ 6 /i22M23, 

^2 = /oMll + /4Ml3 + M13M14 + /5M13M23 + /6M22M33, 
2^3 = 2/oMnMl2 + /lMllMl3 - /3M13 + M13M24 + /5M13M33 + 2/ 6 M23M33, 

^4 = /0M11M22 + /lMllM23 + /2M11M33 + M14M33 + /6M33' 
2^5 = -/lMllM33 - 2/oMl2Ml3 + 2/oMl2M22 + 2/2M12M33 + 2/i^i3M22 + /3M13M33 + M24M33 ~ /5^ 3 i 

^6 = /oMllM33 - 2/ /il3M22 - /lA*13M23 + /oA*22 + /1M22M23 + /2M23 + /3M23M33 + /4A*33 + M33M34- 

Note that all 16 quadratic forms in Xo : + given in this appendix are Galois invariant and can 
therefore also be expressed in the coordinates fen, /ci2, . . . , ^44, 61, . . . , 6g with coefficients in the 
ground field fc. 
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Appendix B. Galois-invariant equations for the twist of the Jacobian 

We continue with the notation of Section[7] In particular we have £ 6 P 1 (J[2]) C H 1 (J[2]) and 
S 6 L and n E k, such that N L / k {8) — n 2 and such that ^((5, n)) = £ with 7 as in Proposition ^. 61 
We also have an element e € L s such that e 2 = 8 and N L s / fca (e) = n, and is the two-covering 
associated to £. 

In this appendix we combine the previously given equations for to Galois-invariant equations 
in terms of Galois- invariant coordinates. For the odd coordinates we use b\, . . . , be as before. For 
the even coordinates we do not use a specific system as it seems very plausible that the equations 
can be expressed more compactly in terms of other coordinates than fen, ki2, ■ ■ ■ , ^44- 

Let po, . . . ,p 9 be functions from the set of all subsets of Q of cardinality 3 to k(fl) such that 
for each i and each I we have Pi{I) = —pi{£l \ I) and for each Galois automorphism a we have 
a(pi(I)) = pi(a(I)) and such that if J±,...,J±o are subsets of size 3 representing all partitions in 
two parts of size 3, then the matrix H = (pi(Ij))i,j is invertible. Then there is a unique basis 
(«o, . . . , Ug) of Sym 2 (9 + + 0_) of Galois-invariant elements determined by 

9 

cj = E Pi (I) u t 

i=Q 

for all subsets I C of size 3. This is the basis of Sym 2 (0 + + 0_) that we use, and it depends 
on the functions pi. For instance, if we index the pi and Ui by pairs abbreviated by ij, with 
1 < i < j < 4, rather than by integers, and we set 

A«(I) 



Pij(I) 



with Xij as in Definition I6.12i then we get Uij = kij . 

Remark B.l. Note that if in a specific case the set of ten partitions into two parts of size three 
is the disjoint union of smaller Galois orbits, then for each Galois orbit T we could find a basis of 
Galois-invariant elements for the space generated by {c n : -k £ T}. This may yield more efficient 
equations than those coming from the general case. 

Choose 15 functions h%, . . . ,hi5 from the set J[2](fc s ) \ {0}, or equivalently, the set of the 
15 unordered pairs {^1,^2} C to k(fl) so that each h r is Galois equivariant (i.e., for each 
P G J[2](k s ) \ {0} and each Galois automorphism a we have h r {cr(P)) = a(h r (P))) and such that 
the matrix 



(hr(P)) 



l<r<15 
PSJ[2](fc s )\{0} 



is invertible. Then for fixed / £ {0,1} the 15-dimensional subspace of Sym 2 C generated by all 
quadratic forms of the form (f2"Tj) with nonzero P G J[2](k s ) is also generated by the 15 quadratic 
forms 



K(P) E ( e ' II ^ - ( S ^ S ^9 + n) c e * c ulU2b 

P^{uJ\,UJ2} \6^U)1,U2 tjl^9, U)1,U2 j = l i=0 

= EE( E h r( P ) E II ^-^))pi(Wi^})(S ai S Ua Se+n) j b 3 -* Ui 

j=l i=0 \{uj 1 ,uj 2 } 9^LU 1 ,u 2 l/i^e,aj 1 ,w 2 / 
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with 1 < r < 15, where (S 1 )gj is the entry in the row corresponding to 9 and column j in the 
inverse of the matrix 



S 



( 1 1 



1 \ 



For each I £ {0, 1} these 15 quadratic forms are all Galois invariant. 

Remark B.2. Note that in specific cases, instead of summing over all nontrivial two-torsion 
points, in order to obtain Galois-invariant quadratic forms, it suffices to sum over all points in a 
Galois orbit; each orbit yields a quadratic form for each h r , so that fewer than 15 functions h r 
will suffice. 

Similarly, the subspace of Sym 2 C generated by all quadratic forms of the form (|22p with nonzero 
P £ J[2](k s ) is also generated by the 15 quadratic forms 



EE E M p ) E "Wft^ij^iwiDpj^i.^ws})' 



for 1 < r < 15, each defined over k. And finally, the subspace of Sym 2 C generated by all quadratic 
forms of the form (j2"3")) with nonzero P £ J[2](k s ) is also generated by the 15 quadratic forms 

6 6 



EE E hAPXs-XAs- 1 )^]^*^ 

2 = 1 J=l \{W1,W2} 



9 9 



/e'EE E M^) E K^)(^ + ^)(V'i + ^)Pi({^^2 ) a; 1 })p i ({e 1 ^ 2 ,a; 2 }). 

4=0 J=0 \{u>l,W 2 } 7T = {{01,6»2},Wl,V<2}} 
(^Wl ^u;2 (^1 ^#2 ^"01 ^' i / , 2 

) + n(6 Ul + 5 U3 )) Ui * uj 



for 1 < r < 15, each defined over the ground field k. All together, in this appendix we have seen 
60 Galois-invariant quadratic forms generating the subspace of ®p^ £p c Sym 2 C consisting of 
those forms that vanish on A^. Recall that for each subset / C ft of size 3, the element 

*? = n ^ + n ^ + 2n 

f 21 

is defined over k(Q), with <5 W = ^^{5). The 12-dimcnsional subspace of C , of quadratic forms 
vanishing on is generated by the forms obtained from those in Appendix [X] by substitution of 
ticj for ci for each /. These new forms are 



EE E^ 12 W 2 ~ / i ii(' r )/ i 22W)ft(Ti)Pj('ri)( Y[ <L + W 5 u + 2n)\ Ui*Uj 

1=0 j = \ TT UlGVl WG7T2 / 



TWO-COVERINGS OF JACOBIANS OF CURVES OF GENUS TWO 



and, similary, 

9 9/ \ 

xx ( x^ 12 ^)^ 13 ^) ~ MiiWM23(7r))Pi(7ri)pj(7ri)( n <l+ n ^+ 2 "-)] 

1 = j=0 \ TT W67T2 / 

XX (5I^ 13 W 2 -MllWj"33(7r))/Jf(7ri)/Jj(7Tl)( J| <L + Yl S »> + 2n ) I Ui*Uj, 

I — O j — \ 7T u;^7T2 / 

9 9/ \ 

EE ( X^ 13 *^ 23 ^) ~ Aii2(7r)M33(7r))p l (7Ti)Pi(7ri)( n <L + ]J ^ + 2n) J 

9 9/ \ 

( E^M - M22(7r)M33(7r))pi(7ri)pj(7ri)( J| <L + n + 2n ) ) 

1 = J=0 \ TT W£7T2 / 

9 9/ \ 

xe e^w^^^'^h n + n ^+ 2n ) j u i* u j, 

1 = J=0 \ 7T wGTTi Wg7T2 / 

and 

XX (E^m^mo^m 

i=i j=i \ u / 

for < r < 2 and 

XX (E^^ 1 )-^" 1 )^^) 

j=l j = l \ u / 

9 9/ \ 

xx I y^^( 7r )< Q »( 7r i)ft( 7r i)( n ^ + n <^+ 2n ) wi*^ 

i=0 j = \ TT WS7T2 / 

for < r < 6 with iv(7r) as in Appendix [X] These quadratic polynomials are all defined over the 
ground field k and so we have found a set of Galois-invariant quadratic forms that generate the 
ideal of polynomials vanishing on A^. 

Remark B.3. If 5 E L = k[X]/(f) is given as 5 = Yli=o diX % , then we have 8 U — Y^=o^ iLLjl 
for each oj. Thus the given quadratic forms in terms of the coordinates Uq, . . . , itg, b\, . . . , be have 
coefficients that are themselves polynomials in terms of da, ... ,d$ and n with coefficients that are 
symmetric in the roots of f, so these coefficients can be expressed in terms of fo, . . . , fe. 

After finding Galois-invariant equations for the two-covering A^, we end by giving the associated 
map A^ — > J that is a twist of multiplication by 2 on J. Let G be the matrix whose r-th row is 



i ( n n w^r 1 ) •( 



) Aia(Jr) Ai 3 (Jr) ••• A 44 (lr)) : 



i.e., the coefficients of c/ r with respect to the basis (fcn, ki2, ■ ■ ■ , fc 4 4). Then G 1 is described in 
the proof of Proposition 16.131 Let H be the invertible matrix whose r-th row is 

( Po(Ir) Pl(Ir) P2{Ir) p 9 (I r ) ) ■ 

Let T\ be the diagonal matrix whose r-th diagonal entry is tj r for 1 < r < 10, and let Ti be the 
diagonal matrix whose r-th diagonal entry is i{ Wr } for 1 < r < 6, where the elements of fi are 
numbered as in the definition of the matrix S. Then the isomorphism g: (A^)k<> Jk a of Section[7] 
is given by 

(u u g : bi b 6 ) ^ (k n ■ k 12 : ■ ■ ■ : fc 44 : b[ : ■ ■ ■ : b' 6 ) 

with {kuMi, ■ ■ ■ = G- 1 T 1 H(u () ,...,u 9 ) t and {b' x , . . . ,b' 6 f = ST 2 S- 1 (b 1 , . . . ,b 6 f. This 

map depends on the choice of e, but the composition [2] o g does not. This composition is defined 
over k and endows A^ with the structure of a two-covering by Theorem 17.41 
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